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REPRODUCING KERNELS AND BILINEAR SUMS

FOR 4-RACAH AND q-WILSON POLYNOMIALS

BY
i

MIZAN RAHMAN'

ABSTRACT. A five-parameter family of reproducing kernels is constructed for g-Racah

polynomials. Special cases for g-Hahn and little g-Jacobi polynomials are considered

by selecting the parameters appropriately. Corresponding bilinear sums are also

obtained for a whole range of ^-orthogonal polynomials. As a special case, some

product formulas are obtained for ^-Racah and q-Wilson polynomials.

1. Introduction.   In [9] we constructed a five-parameter family of reproducing

kernels for Racah polynomials defined by a balanced 4F3 series:

-n,    n + a + ß + 1,     -x,     x + y —A

a+1, -A,     ß + y+1

where -A is the largest negative integer that appears in the denominator and

x, n = 0,1,...,A.

The purpose of this paper is to seek ¿¡r-analogues of the main results of [9] and to

discuss some interesting special cases. With the recent discovery of a ^-analogue of

(1.1) by Askey and Wilson [4] it is natural to expect that most, if not all, known

results of Racah polynomials ought to have (7-extensions. This remark seems

especially true in view of the transformation properties of these basic polynomials

which are defined by

(1.2) W„(x;q) = Wn(x;a,b,c,N;q)

»,     q"+xab,     q'x,     cqx~N

aq, bcq,       q~N

and are called q-Racah polynomials, where x, n and A have the same meaning as in

(1.1), and, a, b, c are complex parameters that are restricted only by the requirement

that the denominator parameters aq and bcq do not lead to a zero factor before any

in the numerator does. The 4(/>3 series is balanced, which means that the product of

(1.1) Wn(x)=AF3

<t>-."4V3
;q,q

Received by the editors November 19, 1980 and, in revised form, April 23, 1981.

AMS(MOS) subject classifications (1970). Primary 33A65, 33A70; Secondary 33A30.
Key words and phrases. ^r-Racah polynomials, q-Wilson polynomials, (¡r-Hahn polynomials, connection

relation, bilinear formula, reproducing kernel, very well-poised basic hypergeometric series, balanced

basic hypergeometric series, continuous g-Jacobi polynomials, Watson and Bateman-type product for-

mulas.
' This work was supported by Natural Sciences and Engineering Research Council (Canada) under

grant #A6197. The contents of this paper were presented at the Annual Meeting of the Canadian

Mathematical Society at Victoria, B. C, December 10-12, 1981.

© 1982 American Mathematical Society

483

0002-9947/82/0000-0873/$7.50



484 MIZAN RAHMAN

the denominator parameters is q times that of the numerator parameters, and is a

special type of a basic hypergeometric series defined by

(1.3)       *+,**

where

ax,a2,...,ak+x

bx,b2,...,bk
; q,x

y   ("l)>2)„---K+l)„    „

¿o    C*)„{»i).-(«&   *'

(1.4)   (a),=(«; ?)„ = |¡; _lfa")(1 °:qa) ... (1 _ a?B_()j       h = l2

The transformation property we just alluded to is a ^-analogue of Whipple's

formula for the transformation of a balanced 4F3 of type (1.1) and is given by

403

(1.5)

q~",     q"+,ab,     q~x,     cqx

aq,        bcq,      q'
\q>q

(bq)„(ac~xq)„ _„

(aq)n(bcq)n
c\<¡>3

x-N „-\„-xq-",     q"+xab,     qx~N,     c~xq

bq,        ac~xq,      q
-N ;q,q

Using (1.2), (1.5) and the well-known sum of a very well-poised 6<i>5 [11],

a,    q{a,     -q{a,        b, c, a~" ™«+i

(1.6)

6^5

c> q aq

r r ±,'q>
/a,      -/a,     aq/b,    aq/c,    aq"

be

(gq)Áaq/bc)„
,

(aq/b)n(aq/c)n

one can show that the polynomials Wn(x; q) satisfy an orthogonality relation [4]

N

(1.7) 2 P(*)Wm(x; q)Wn(x; q) = h„8m,n
x = 0

where the weight function p(x) is defined by

(cq-»)x(q{cV*)x{-q{c^)x(aq)AbcqUq-N)
(1.8)    p(x) =-   -     —-(aZrç)

(f),(fi^)i-.A=7),(*TÎi-,,L(A-V")J,(«)»

and the normalization constant hn by

(^)„(9Ä)„(-?Ä)n(^)„(eci)n(^-A,)n

(Cg-"Ufl-'ft-y*-% _ (c-%(^)y

(caV^^^V^v     ~ (bq)N(ac-xq)N-

The formula for the total weight h0 follows from (1.6) and the use of the identity

[11, p. 241]

(1.11) (aq-»)n = (-a)nq-»^xy2(q/a)n.

(1.9) A„ = A0

with

(1.10) h
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The duality of Wn(x; q) in x and n is obvious in definition (1.2) and one can

exploit that to write the dual orthogonality relation

(1.12) í(h0h-x)Wn(x;q)Wn(y,q)^f^f
„=o p\x)

A limiting case of the q-Racah polynomials, discovered by Hahn in  1949 [7],

corresponds to setting c = 0 in (1.2):

(1.13) (?„(•*; q) =3<t>:

qn+Xab,     q~

,-N
\q,q

aq,        q

There are transformation formulas for Q0(x; q). But the most important one can

be worked out from (1.5) by taking the limit c -> 0. Thus one has

(1.14)

ß„(*;?) = (-ir^«V("+1)/23<i>;
(°q)n

qn+xab,     qx~N
; q> q~x/a

bq, q-

Andrews and Askey studied these polynomials and found a weight function for

them a few years ago [3]. Another limiting case that will be of interest to us is known

in the current literature as little ¿7-Jacobi polynomials and is obtained from (1.13) by

taking the limits x, A -> oo such that N — x = r where r takes on nonnegative

integer values. These polynomials were also studied by Hahn [6], as well as Andrews

and Askey [2,3], and are defined by

(1.15) p„(x;a,ß\q) =2<px
j"+xaß.

aq
q,qx

where x = q',r = 0,1,_

In [1] Al-Salam and Ismail found a reproducing kernel for p„(x; a,ß \ q) and a

corresponding bilinear formula which will be seen in this paper to follow as a very

special case of a rather general family of reproducing kernels for the q- Racah

polynomials Wn(x; q). We first take five arbitrary parameters ax, a2, bx, b2, b3 and

define two different q-Racah polynomials:

(1.16) **»(*; q) =4*

and

(1.17) W™(x; q) =4<p3

q     axa2b2b3,     q~x,     bxb2cq*

axbxq, a2b3cq
\q,q

q"   xaxa2b2b3,     q~x,     cq x-N

axb2q, a2b3cq
;q,q

Obviously W¡¡x\x; q) = W¿2)(x; q) when bx = b2.

We then show that they are related by a connection relation

N

(1.18) 2 KN(x, y)W<2\y; q) = XnWn^(x; q)
y = 0
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where the "eigenvalue" X„ is given by a balanced 4<i>3:

q'",    q"+xaxa2b2b3,      b2, b\xb2b3

axb2q, b2b3,    a2b\xb2b3q
(1.19) \„=4<i>3

and the kernel KN(x, y) has the double sum form:

=o (ï)i(/c*î-yA')l(-i/«*iVA')/(«»rVï-iV)/

9.9

xAj!

**(*.v) = ■*»(*. v) 2

(fc,6iV"A')((62-,*íV"A'),(rfí,?)í(^~JV)í(«-*)/(í_-')<     /   b,   V

(1.20)

(67,í1-')<(*30<(í-"')/(62-,9,->)í('*í V^-^^^V^-"), V «•". /").UlM

"10*!

ífVV*,     tn/bjc-iq-»,     -q^c-'q-N, o2Q, -II. „-!„-*VV    <?

¿ ï*-y», -l/fcj'c-1*"".    aj'^'c'V*.    bxb-2>b;W+x~N,

c-'q-y,

b-3lqx+?-N,

-|/,-'^l+'-'v «BW „>>-"
; ?,

fcj'f-y-*,      èj'c-'i1"'" °2*3

where

'M*. v) =
(iM^MOwifllVi)* (*l)*(V)*(*2),(*3<0,

(1.21)
(fc2fo3)v(V)v(V"')v («l^liU^MUiW^))'

andx Ay — min(x, y).

Note that the ,0<f>9 series in (1.20) is terminating and very well-poised, and so is the

second series imphed in it. However, transformations of these series are, in general,

not possible unless they have the additional property of being balanced, that is, the

product of the denominator parameters is q times that of the numerator parameters.

For the X0<¡>9 shown explicitly in (1.20) this would require a2q = bx/b3, while for the

second series one would need axq = b3/bx.

One may also note the kernel A^x, y) is positive under the conditions:

(1.22) 0<axq,a2q,bx,b2,b3,b2b3/bx<l,       cajxbjxq-N < 1,

or,

(1.23) axqx+N, a2qx+», bxqN, b2qN, b3qN, a2b2b3b-xxqN+x > 1,        ca/bfl < I,

where 0 < q < 1 and / = 1,2;j = 1,2,3.
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Using (1.5) and (1.19) one finds that

,n-(axb2b3q")"
(a]b2q)n(b2b3)„

b2, a2q,       ax'lb-x'q

a2b\xb2b3q,    axxq~n,      b3xq-\„\-n q,q

(1.24)
(g),(*rVg-")„
(axb2q)„(b2b3)„

(axb2b3q")n

. ¿ (rn)MA*Ma\-Y-m).-tàV+k-m),.-ktilt

k=o        (q)Âq)k{axxb-xxqk-")n_k(a2b-xxb2b3q)k

(q)n(a\btf)n     bnqn<n+1)/2

(axb2q)n(b2b3)„  2

.  2 (a\q)n~k(b2)k(b3)n_k(a2q)k        I b3 \ ^

k=o (q)k(q)n-k("ib2q)n_k(a2b-xxb2b3q)k \bxqj

by (1.11).

It is interesting to note that Xn is independent of c and A and is positive under

conditions (1.22) and (1.23).

In the next section we prove the connection relation (1.18). In §3 we discuss some

special cases and in §4 we obtain some bilinear formulas. In §5 we deduce some

Bateman-type and Watson-type product formulas for ¿/-Racah and q-Wilson poly-

nomials in general, and, for the continuous ty-Jacobi polynomials, in particular.

2. Construction of the kernel KN(x, y). Applying (1.5) to the balanced series in

(1.17) we obtain

(2.1)   wp(r,,) 1 l*):(¥Aii:'"'i,M"'r»:(>;,).
(a\b2q)n(q-N)n

where

(2.2)    W'n(y, q) =  2
r = 0

S.  (q-")r{qn+^2b2b3)r(a2b3cqy+i)r{a2b,qN-y+x)r   ,

(q)r(a2b3q)r(a2b3cq)r(axa2b2b3qN+2)r

Using the ^-analogue of the Pfaff-Saalschutz theorem [11, equation (IV, 4), p. 247],

namely,

(2.3) 3*2

q'k,    a,

c,     abc-xqx'k
\q,q

we obtain

(a2b3cqx+y)r(a2b3q»~y+x)r = (a2b2cqx+J)r

= (c/a)k(c/b)k

(c)k(c/ab)k '

'2.4)
•2
k = 0

[r](b3qJ-r)k(b3cqr-N+J)

k (a2b2cqx+J)k
(a2qN-J+X)^k(a2qN+x-J)k,
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where j is a nonnegative integer such that y <_/' «£ A and [k] is the ¿/-binomial

coefficient defined by [rk] — (q)r/(q)k(q)r-k- In deriving the r.h.s. of (2.4) from (2.3)

we need to make use of the following identities [11, p. 241].

(2.5)

(2.6)

(a)N-n =
(a)Nq

n(n+\)/2-Nn

(a-xqx-»)n(-a)n '

(aq-n)        (aUqMn     Nn

)N      (a-V-N)n q

Let us now compute the sum

•

L[(i, j) = 2 b-2

(2.7)

1 - eg2*-»      (cqi-N)y(b3cqJ-N)y

l-cq2i~N (cqx+J-N)y(b2xcqx+'-N)y

(qy-+'UgJ-y+%
{b2qy-')Âb,qJ-y)0

wn(r, q)-

One may feel somewhat mystified by the appearance of the coefficients on the

right-hand side, but this is the obvious ¿/-analogue of a similar object we considered

in [9] and is motivated simply by the requirement that these coefficients together

with the y-dependent terms in (2.4) will be summable by a very well-poised 6<j>5 sum

(1.6).
Through a somewhat tedious but straightforward calculation one can, in fact,

show that the use of (2.4), the identities (2.5), (2.6), and the summation formula (1.6)

yield the following result:

T(.     ,_r(.    -x 4,   (q-")r(qn+l^2b2b3)r(a2b23cqx+;)r(a2q»-;+x)r   ,
Lx(i, j) - C(i, j) 2 - -—- N+2,-qr

r=o        (q)r(a2hq)r(a2b3cq)r(axa2b2b3qN  ¿)r

(2.8)

where

4*3

b3cq i+j-N

«'rV-'-'i b2b3,

b2b3qJ-¡

a2b2cqx+J'
q,q

to*   r(,  i\-      (*>«     ..J^U^-")^'-'))    l - cg-N
1     ]    C{' J)      (b2)Jb3)x b2   (q^-W-n^cq^-^ ' 1 - cq2i~N '

One fortunate, though expected, feature of (2.8) is that the 4<J>3 series on the r.h.s.

is balanced, hence we may apply the transformation (1.5) on it as often as necessary.

The transformation we require specifically is the following:

s4<p3
aïV-»-',

(2.10)

b3, b3cq

"¡-N-rt ,

(b2)r(a2b,cqx+J)r  i

(b2b3)r(a2b2cqx^)r

i+j-N

b2b3,

b2b3q'~'

a2b¡cqx+J'
q,q

■4*3

ll.-L.-U-1-r
*3> a2b3c  q

\u-\u-\„i-N-r

b2xqx~r,     a2xb3xc-xq-J-r,

a2b2b3q

a-2xq>-»-
q,q
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It may be mentioned that the coefficient of 4<f>3 on the r.h.s. does not follow directly

from (1.5), but only after using (1.11). Now, by (2.5),

(2.11)

(b2)r(a2b3cqx^)r(a2qN~J+x)r

(b2XqX-)k(a2xb-3xc-xq-^)k(a-2xq^-')k

Using this in (2.10) and then in (2.8) we obtain

...   .x      w-    -x v (q-n)r(q"+laxa2b2b3)r(b3q)r
lx(i,j) = c(i,j) à

r=o (q)r(a2b3q)r(a2b3cq)r(axa2b2b3qN+2)r(b2b3)r

V   ^-r)k(b3)k(a2ib3c-iq--r)k{a-2lb2ib3y-N-r)k(    2,  ,     .^jvi
(2.12) •  2  -7Z\-(-a2b2b3cq       )

fe=o \q>k

.€3,*-3*(K+,)/2 . (b2)r_k(a2b3cqx+J)^k(a2qN-J+x)r_k.

Next we compute the following sum:

,)=   "   1 - cb3q2^    (a2b3cq)J(b3cqx-N)J

2(l)     fix    l-cb3q-»    (b3cq)j(bxb2W+x-N)J

(2.13) (^'U^').       {h fcl..,y

C-\i, j)L,(i, j).

Again, the structure of the r.h.s. is aimed at the summability over j by using (1.6).

Substituting (2.12) and (2.13), simphfying, summing, and again simplifying by

means of (1.11), (2.5) and (2.6), we obtain the following form:

L2(i)=A(x) 2
(q-")r{qn+iaxa2b2b3)r(b3q)r

r=o (q)r(a2b3q)r(a2b3cq)r(axa2b2b3qN+2)r(b2b3)

(2.14)    • 2
Í,   (q-r)k(b3)k(a2q)r_k(a2b3cqx+x)r_k(a2b2b3bxxqN-x+x)r_k(b2)r_k

k=o (q)k(a2b2b3bx-xq)r_k
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where

(2.15)
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A(x)
(q)j {b-3]c-i)N(a2b2b3bxXq)N

(a2q)Jb-xxb2b3)x        (q)N(b2b-xxc-x)N

(a2b3cq)x(b2xbxcqx-N)x(q-N)x        /     ¿>,

(b3cq-N)x(bxb2xcq)x(bxa2xb2xb-3xq-N)x \ a2b2b3

Finally we compute the sum

(cbixq-n,(qfbYq^)i(-qfbYq^)i(bxb2xcqx-N),

(2.16)
X   ~it (fb^^)¡(-fb7q^)!(cb2^qx-x--)¡(caxxb2xq-ni

■-- (¿ja,)    -^'(x)^/).
(fll?        )oo(M )oo

Substitution of (2.14) in (2.16) now leads to the following form:

L{x)=        (q)l        (fti)x  v ^-)r(i7',+ ,aia2ft2ft3)r(M)r

(2.17)    •  2
k=0

(bôjaxq)x  (q)x r=Q (q)r(a2b3q)r(a2b3cq)r(b2b3)r(axa2b2b3qN+2)r

(q-r)k(b3)k(b2)r.k(a2g)r_k(a2b3cqx+x)r_k(a2b2b3bxY-x+x)r_k

(q)k{a2b2b3b\xcq)r_

■ (-a2b2b3cqN+>)k ■ q>'k-^k+x^r,

where

(2.18)

Ík,r=(a-/b-Sc->q-r)k(a-2¡b-2>b-3<q-N-r)

cb-2lq~N,     qJcb-2YN ,      -qJcb-2YN, "tq.

U-2Xq-\ l/eAïV", ¿ÍW

i,/>2-V"V. a2b3cq,+r, aj V^'V """''■ _x

q ■q,a7,b;'q-k
biV~x,       a-2lb2'b?q-N-,        a2b,cq'+'-k,        ch^q'*"'"

However, the 8<£7 series on the right is very well-poised and has the structure that

enables us to transform it to a balanced 4<>3 by means of the formula [11, equation

(3.4.1.5), p. 100]

(2.19)

a,     qja,     -q^: ,        b. e.

yja,       -ft,      aq/b,     aq/c,     aq/d,     aq/e,     aq"+

.   (aq)„(aq/de)„
1+3

d, e, aq/bc

(aq/d)„(aq/e)„i  3[ aq/b,    aq/c,    deq~"/a

a2q"+2

l ' 9'    bcde

q,q
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Thus we get

(2.20)

€*., = {a-2xb3xc-xq'r)k(a2xb-2xb3xq-N-r)k
{cb?qx-»)xWb?q-'),

t>.4V3

,-* axq,

(a-xxb2xcq-»)x(bxxqx-

-\„„x-Nbxb2xcq>

a2b3cqx+r-k,     axbxq,     a2xb2xb3xq-N-r

(^)*("2-VcV^(«rVW'TAf"'"r).

(f»A?)*

(dqy-»)x(aWq-')x

(axxb2xcq^)x(bxxqx-x)x

•4*3
A+r-k

a2b3cq" %    a2b2b3b\xq\„N-x+\+r-k

.N+2+r-k \q,q
a2b3cq , bxq      , axa2b2b3q'

In deriving the last line above we have made use of (1.5) once again. We now

substitute (2.20) in (2.17), simplify the terms by means of (2.5) and (2.6) and replace

the summation variable r by r — k. This leads to

,2.   (q~n)Aq"+xa,a,b,b-x)
L(x) = B(x) 2      / ;   w        }V

(a2b3q)r(b2b3)r

(2.21)

r=0

r     r-k

2 2
k=0 1=0

(bx)r-k(b2)k(b3)r^

(q)i(a\bxq)r-

^2q)k(qk-r)l(aiq),(a2b3cql+x)k+l(a2b2b3b-xY'x+x)k+l[}k ,

{a2b2hb-xxq)k(a2b3cq)k+l(b-xxqx-r+k)l(axa2b2b3qN+2)k+l   * '

where

(2.22) B(x)
(qt (a,bxq)x(cb2xqx-N)3

("\q)~x-

(«itfUMoo    (q)x(axxb-2xcq-N)x

By changing the order of summation in (2.21) one can easily see that

»   (a2b3cqx+x)s(a2b2b3b-xxqN~x+x)s
(2.23) B-x(x)L(x) = 2 U.

where

v = I (q-n)r{qn+\a2b2b3)rq

(2-24)

(q)r(a2b3q)r(b2b3)r

(bx)r.k(b3)r_k     (b2)k(a2q)k(qk-r)s.k(axq)s2.ÍÍ] k„s-k

k = 0 (aArtr-k     (q),-ÁblV-r+k)s-k("2b2b3bxxq)
-bkq
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Simplifying the terms in (2.24) by means of (2.5) and (2.6) and changing the

summation variables, we get

(q-")s(q"+xaxa2b2b3)s(b2)s(a2q)s

"'*      (q)s(a2b3q)s(b2b3)s(a2b2b3bx-xq)
(b3qY

(2.25)
y (qs-")k(qs+"+xaxa2b2b3)k (bx)k(b3)k k

k = 0 (q)k(b2b3q2)k (axbxq)k(a2b3qs+x)k

*34^3

f   . "\q,
,a+i

b3qk,       bxa2xb2xb3xq-

axbxqk+l,     b?q'-; a2q-s
;q,q

Once again the terminating 4<p3 series on the right turns out to be balanced.

Applying (1.5) we now have

<h4V3

b3qk, axq,        bxa2b2b3xq J

axbxqk+x,     b2xqx~\ a2xq->

(b2b3gk)s(a2b3qk+x)s( k+sys

'~     (h-W-*\   la-ln->\      ya^b*        )
(b2q     )s[a2q   )s

s+k+xaxa2b2b3,       bxqk,

4*

(2.26)

q %    q'

axbxqk+x, b2b3qk,

b3q

a2b3q

k

k+i'4'Q

(b2b3gk)s(a2b3qk+x)s

(b2)s(a2q)s

(b>qkï

¿   {q-S)i{qS+k+X^2b2b,)l{bxgk)l(b3qk)¡   ,

¿0   {q),{albxqk+*)i{b2biqk)l{a2b3qk")iq'

by virtue of (1.11). Substituting (2.26) in (2.25) and simplifying, we obtain

(q-)s(q"+xaxa2b2b3)sqs
i/„

(2.27)

(q)s(a2b2b3b~xxq)s

V Ä   (qs-")k(qs+"+xaxa2b2b3)k

*=o/=o (q)k(q)i(qs+la]a2b2b3)k

(q's)i(bt)k+,(b3)k+l(qs+xaxa2b2b3)k+l

(aibxq)k+l(a2b3q)k+!(b2b3)k+l

(q-")s(qn+\a2b2b3)sqs

(q)s(a2b2b3b\-xq)s

.   y   ^S+^a2b2b3)m(bx)m(b3)m^

■ q k + l-ks

m = 0 (a\bxq)m(a2b3q)m(b2b3)r^

^(q-s)m^k{qs+n+\a2b2b3)k(qs-")k _ks

k      (q)k(q)m-k{qs+\a2b2b3)k
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However, by (2.5) and (2.3),

2 {q-')m-k{qs+H+\aib1b3)k{gs-')k

k      (q)k(q)m-k(qs+laxa2b2b3)k

(2.28)

_ (q-s)

' (q)m
3*2

q'-\       q*+» + xaxa2b2b3

f+x~m,       qs+xaxa2b2b3
; q,q

(q's)m    (q-")m(q"+xaxa2b2b3)m _ (q-)m(q"+xaxa2b2b3)t

(q)m      {qs+\a2b2b3)m(q-s)m        (q)m(q°+xaxa2b2b3)r

Thus, (2.27) and (2.28) give

= (q-")s{qn+\a2b2b3)sq

(2.29)

4*^

(q)s(a2b2b3b\xq)s

q~",     q"+xaxa2b2b3,        bx,

b2b3, axbxq,    a2b3q

But the 4<i>3 on the right is balanced and so it transforms to

q"+xaxa2b2b3,       bx, b^

q,q

4*3

(2.30)

b2b3, a\bxq,    a2b3q

(axb2q)n(a2b2b3bxxq)lbx\"

; q,q

(a{bxq)n(a2b3q)n     \ b2

q~",    qn+xaxa2b2b3,      b2,

4V3

b2b3b\x

axb2q, b2b3,    a2b2b3b\xq
;q,q

Thus we have

(2.31)

B-\x)L(x) =
(axb2q)n(a2b2b3b-xxq)lbxy

(a\b\q)n(a2b3q)„     \ b2

•A«4*3
q~n,    qn+xaxa2b2b3,        a2b3cq l+x

a2b2b3bx q

a2b3cq, axa2b2b3qN+2

(q-N)n(^b2q)n

(a2b3q)n(axa2b2b3qN+2)n

a2b2b3b\xq

(a2b3q^x)"XnW^(x;q).

q,q

Note that A„, as defined in (1.19), is the same as the 4<>3 in (2.30), and W^\x; q) as

defined in (1.16) is obtained from the 4<i>3 of the first line in (2.31) by using the

transformation (2.5) yet another time.
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If we now follow the sequence of operations performed on W£2)(y; ¿7) we find that

(cb2xq-N)¡(qfb2^){-q^cb2xq-N)¡(bxb2xcqx^)¡
[B(x)A(x)]-x 2

,o({cT2^)[-{c^^)i(cb2^qx+x-N)i(ca-:b-2xq-N)i

(y+i).(y-'+i).
(qa\Y

»   1 - cb3q2'-N    (a2b3cq)j{b3cqx-f')j

' jtx    l-cb3q-N   (b3cq)J(bxb2xcqx+x-N)J

U-iV

(2.32)

■c-\i,j)2b~2
l-cq2>~N      (cqi-N)y(b3cqJ-N)}

y—i
l-cq2'-» (cqx+J-N)y(bïxcqx^-N)y

(qy-i+]UqJ-y+i)
{b2qy")Jb3qJ~y)

KW?\x; q),

W?\y, q)

where A(x), F(x) and C(i, j) are defined by (2.15), (2.22) and (2.9), respectively.

The reproducing kernel defined in (2.32) is the same as the one given in (1.20) and

(1.21) once we express it in terms of basic hypergeometric coefficients and make

repeated use of identities (1.11), (2.5) and (2.6). However, it may be pointed out that

the nonnegativity of the kernel under conditions (1.22) or (1.23) is somewhat more

obvious in (2.32) than in (1.20).

3. Some special cases.

Case I: c = 0. As we have seen in §1 the ¿7-Racah polynomials reduce to ¿¡r-Hahn

polynomials as c approaches 0. So by taking the limit c -» 0 in (1.18) we should get a

connection relation for Q„(x; q). Since limc^0(ac)m = 1 and lim^0(ac"')m/(k"')m

= (a/b)m, the connection relation (1.18) becomes

(3.1) 2LN(x,y)Q?(y;q)=XnQÍx\x;q)
y=o

where X„ is the same as in (1.19) and the ¿7-Hahn polynomials are given by

(3.2)

(3.3)

&*(*; q) =3*2

QSKr, q) =3*2

q~n,    q"+xaxa2b2b3, q~¿

axbxq, q-N

q-\     q"+xaxa2b2b3, f*

axb2q,
-N

\q,q

;q,q .

j
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while the kernel LN(x, y) is defined by

(3.4)

LN(x, y) - BN(x, y) 2    .   , ,    , ,_> ,   _N, ,    , ,     >      —t-
(=0  (q)i(b\q      )\q    )\b2qx  y), \a\b\

•4*3
a2q,      b2xb3xq\L-l„\+i-N ^x-N ,y-N

bxb2xb3xqx+x-N,     b-3xqx+r-N,     q'~N ' ?' 9

with

(35)   J?(X)>.)- (<?)* (^Mí'l.-^^Í^KM.-^^^,-,
(Ms)*    (^Ml'^/v-x^A^x^MiOv-v

We would like to point out that this special case represents a ¿7-extension of the

results in [8].

Case II: c = 0, a2q = 1. Setting a2q = 1 in (1.19) we find that the eigenvalue

reduces to a balanced 3<j>2. So, using the summation formula (2.3) we get

A« -3*;

(3.6)

¿7 ",     q"axa2b2b3,      b2
\q,q

axb2q, b2b3

(axq)n(b¡V~")n      _      (axq)M

" (axb2q)„(b-2xb3xqx-")n      (a\b2q)n(b2b3)n

by (1.11). Hence the connection relation reduces to

b'i

(3-7)

where

2 MN(x, y)3</>2
y = 0

q-,     q"axb2b3,     q->*

axb2q,        q
N\q,q

_   (a\q)n(b3)nbn2

(axb2q)n(b2b3)n
3*:

¿7-",     q"axb2b3,     q

axbxq,       q
.N>q>q

<iq\    ha (       \-     ^)N(b\)x(b2)y(b3)N^v
(3.8)    MN(x, y)- -(axq) b? y

(b2b3)N(axbxq)x(q)y(q)N-y

"4*

a,¿7,     b2xb3xqx-N,     q~x,        q~}

,;?>
b-xxqx~x,    q-\   b-2y-y'^c,b ¡"\

Case III: c = 0, a,¿7 = 1. A similar calculation leads to the connection relation

(3.9)

2   PN(X> >')3*2
y = 0

¿7"",     ¿7"a26263,     ¿7-^

b\,        q "

(bi)n(a2q)

(b2b3)n(a2b2b3b-xxq)n \   b

b2b3 \"
3f2

¿7-",     q"a2b2b3,     q

b2,
-N\q,q
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(3.10)    PN(x,y)=     (^(Wï'WWfts)»-,       y-,
(b2b3)N(a2b2b3b-xxq)N_x(q)y(q)N-y

•4*3

-\u-\„\-Na2q,        b2xb3xq .y-N

bxb2xb3xqx+x~N,     b3xqx+y-\      q -N ; q,q

This case yields an interesting kernel for the httle ¿¡r-Jacobi polynomials defined in

(1.15). If we take the limits x, y, N -» 00 so that A — x = r and A — y — s, r, s

being nonnegative integers, then (3.9) becomes

(3.11)        2^o(>%*)2*,
5 = 0

¿7 ",     q"a2b2b3,
;q>q

(bi)Á"2q)n        (b2b3\n

(b2b3)n(a2b2b3b-xxq)n\   b
2*1

q"°2b2b3 r+x
>q>q

with

(3.12)   i»,(r,s)= ̂ >- /fcff:'!^;V2
(¿2*3)00 (a2b2b3bxxq)r(q)s

q~r,        q~s, a2q

*23V2 t^V'. <vi*l!'if

In the symmetric case è, = Z>2, this is essentially the same kernel as found by

Al-Salam and Ismail [1] by an entirely different method.

Case IV: ¿z,¿7 = 1, c^O. The eigenvalue A„ is the same as in (3.9) while the

"eigenfunctions" are:

w„m(x\ q) =4*2
¿7"",     q"a2b2b3,     q~x,     bxb2xcq-l.-x-JV

bx, q

W™(y, ¿7) =4*3

;

q-",     q"a2b2b3,     q~y,     cqy~N

b2, q~N,    a2b3cq

The kernel KN(x, y) becomes a multiple of a single XQ<f>g series:

(q)N(a2b3cq)N     (b3c)x(b2)y(b3c) y

a2b3cq

\q,q

\q,q

KN(*>y)
(b2b3) N(b3c) N    (a2b3cq)x(q)y(cq)y

(b2b3b\x)N^x(b3)N^y(b2c)N^y    1 -cq2y~N

(a2b2b3bxlq)N_x(q)N-y(c-])N-y   1 - cq>~N

10*9

efV-y»,     ,^cV,     -qhXc-Xq'N "2q,

(3.13)

/'-'iW*, Vç.1«"1*"". «¡'»i'í'V*'

bx]b2c-lq-x, c-'q-y,

bxb2]b-3W+x-N,     b-3W+y~N,

bïc-'q,

b2 b3 q

u2c

,y-N

bj'c-'q1",    bjc-'q^-"'   ' a2¿>3
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Although the above series is very well-poised, there is no known transformation

formula for it unless it is also balanced, which requires that ¿z2¿7 must equal bx/b3.

Apart from Jackson's formula for a very well-poised balanced ,0^>9 [11, equation

(3.4.2.4), p. 102] the author recently derived a ¿7-extension of Bailey's transformation

for a 2-balanced very well-poised 9F8 which reads [10]:

-
a,    qyja,    -q^fa,        b, c, d,

y/a,  -y/a, aq/b,    aq/c,    aq/d,

aq/B,    aq/C,    aq/D,    aqk

10*9

(3.14)
_ (aq)k(aq/BC)k(aq/BD)k(aq/Bc)k(aq/Bd)k(b)k ßk

(aq/c)k(aq/d)k(aq/B)k(aq/C)k(aq/D)k(b/B)k

"10*!

Bb-xq-k,    q^Bb~lq-k ,     -q^Bb~]q-k , B, aq/bc, aq/bd,

<x/Bb-iq-k ,      -]/Bb~,q-k ,     ft-ty-*,     a~,Bcq-k,    a'[Bdq-k,

aq/bC, aq/bD,       a~]Bq

a-lBCq'k,    a^BDq~k,       ^ aq. b~]Bq
q,q

where k is a nonnegative integer, and balanced property requires

(3.15) a3q2 = bcdBCDq-

Setting ¿í2¿7 = bx/b3 and choosing it as B, b;xc'xq as b, then applying (3.14) in

(3.13) and simplifying the coefficients by means of (1.11), (2.5) and (2.6) we then

obtain

(3.16)    KN(x,y) =
(q)N    (hc)x(b2)y(bxc)y

(b2b3)N   (bxc)x(q)y(cq)y

(bx)N-y(b2b3b-xxc-x)N_y(b-3xc-xq)N.y(b-xxc-xqx-x)N^

(q)N-y(c-x)N-y(b-xxc-xq)N_y(b-3xc-xqx-x)N„y

(b2b3b~xx)

*c10^9

(b2)

bxcq

1 - eg2?'»

1 - cqy~Ny-x

y-N-l
s

bxb3X,

if cqy-N-\ ifbq\t>xcq
y-N-\

fxcq
y~N-\

cq

{bxc,

y-N

y-N-\

b3cqy~N,     bxcqx+*~N,

b2b3q-x, bxb-2xcqx~N,

bxb2%W-N+x,        b2q^x,

bxcqy,
.y-N

,-N bxc
;q,q

where we have assumed, for the sake of definiteness that 0^x<y<A. A similar

expression can be derived when x > y.
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An interesting situation arises if we set bxb3x = ¿7 m where m is a nonnegative

integer, 0 < m =£ A. Then

(3.17)

(3.18)

and

KN(x,y)

(3.19)

rV„iX)(x; q) = 4</>3

^„(2)(r, q) =4*3

¿7"",     ¿7""'*,^, q~x

bu q-N

q-\     q"-xbxb2, q-y

b2, q~N

(q-m)n(b,)n

bxb2xcq

bxc

y-N

x-N

q,q

cq

bxc
q,q

"    (b2)n(bAqm)n
(b2qmY,

(q)N       {b^m)Áb2)y(b,c)y

(bxb2q'")N      (bxc)x(q)y(cq)y

(fci)w-r(y-|<?")N.>.(fcr|c-'g'^)^,(fcT'c-'g1"A:)w->.

(l)N-y(c-])N-y(bliC-,q)N_y(bx,C-iq'~'"-X)N.y

{b2qm)y-x \-cq2>-»

(b2)y~x      \-cq>~N

bxcqy-N-1,    q]¡bxcq>'-N-' ,    -^V,'"""1 > q~m,

{b,cqy-N~\       -ibxcq*-N-\      bxcqm+y~N,
■lO*!

m

cq*~N,    bxb2[cqx^N,    bxcqy,    q/T\

bx, b2qy~x, q bxc
1*1

Case V: a2q — I, c ¥= 0. Here the eigenvalue A„ is the same as in (3.6) and the

eigenfunctions are

Y",     q"axb2b3,     q~x,     bxb2xcqx~N

h -N u 'q'q   'axbxq,       q ", b3c
K0)(x; q) =4*:

W?\y,q)=&

y-Nq~",     q"axb2b3,     q-y,     cq

axb2q,       q~N,       b3c
;q,q

Also

K   , _ (q)N(a\b2c-'q)N     (bx)x(b2)y(b3c)y

(b2b3)N(b2c-*)„ ' (axbxq)x(q)y(cq)y

(b2c-X)N-AhÙN-y(b2c-')N^y    1 - afy-»

(axb2c-]q)N_x(q)N-y(c-')N-y     1 - cqy   N

(3.20) io^s

d>jV\     qijcb-2xq-N,     -q]¡cb2]q~N, a¡q.

Jcb2[q-\      -Wo-\     cajWq-",

bxb2Acqx~N,    b2'b3tq'~N,    cbi'q,      cq-r~N,

b\ q Ï".   W,■2

cb-2W+x-",    cb-2xq'+>-N'q'' axb
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The ,0</>9 series is balanced if axq — b3/bx. As in the previous case it can be

transformed by (3.14) if this condition is satisfied. If, further, b3/bx = ¿7"m, m a

nonnegative integer, then the kernel KN(x, y) above assumes a form similar to that

in (3.19).

4. Bilinear formulas. Let us now multiply equation (1.18) by

(axa2b2b3q)n(q^axa2b2b3q)n(-q{a~xa2b2b3q)n(axb2q)n(a2b3cq)n(q~N)„

(q)n(h\a2b2b3q)n(-{axa2b2b3q)n(a2b3q)n(axb2c-xq)n(axa2b2b3qN+2)n

■ (c-xqN)"Wf\z; q)

and sum over n from 0 to A. Then, by the dual orthogonality relation (1.12) we

obtain, after some simplification and replacing z by y, the following bilinear

tormula:

(a2b3cg)N(axa2b2b3q2)N(axb2c-xq)N

(b3c)N(b2b3)N(b2c-x)N

(bx)x(b3c)x(b2c-x)N_x(b2b3b-xx)N_x

(axbxq)x(a2b3cq)x(axb2c-xq)N_x(a2b2b3b-xxq)N_x

(b2)y(b3c)y(b2c-x)N-y(b3)N-

(axb2q)y(a2b3cq)y(axb2c-xq)N_y(a2b3q)N^

x!_y(cb2xq-n{q{ä^)i(-qjcb-2VN){axq)i

i-O   (q)l^cb2YN)¡(-fb^)i(ca¡xb2xq-N)i

(bxb-2xcqx-N)¡(b-2xb3xqx-N)¡(cb-2xq)i

(b-xxqx-x)l(b3c)l(q-N)¡(b2xqx-y)¡

(cqy-N)Âq-X),(q-y),       I   b,

(4.1)
(cb2xqx+x-N)i(cb2xqx+y'N),\axbx

10*9

b~3xc-xq'N,     qjb3xc-xq-N,     -qjb^q-», a2q,

jb-3xc-xq-N,       -Jb-3xc-xq-N,      a2xb3xc-xq-N,

b~xxb2c-lq-x, c~xq-y,        b2xb3xqx + ,-N,

bxb2xb3xqx+x-N,     b3xqx+y~N, b2c-xq-,

-L.-U1-
,y-Nb3'c~lq- q" q

¿7'"" b-3xc~xqx~x,     b?c-lql-y"" a2b3
;?.

n   (axa2b2b3q)Jyq{axa2b2b3q)n[-qiaxa2b2b3q)n

„=o   (q)n[iaxa2b2b3q )n(-]/axa2b2b3q)n(a2b3q)n

(a\b2q)n(a2b3cq)n(q-N)n

(axb2c'xq)n(axa2b2b3qN+2)n
(c-Y)"XnW?\x; q)W<2\y; q).



500 MIZAN RAHMAN

A number of identities can be deduced from this, but we shall be interested

mainly in those that correspond to the special cases discussed in the previous section.

First of all, in the limit c -* 0, we get the following bihnear formula for the

¿7-Hahn polynomials:

(a,a2b2b3q2)N (bx) x(b2b3b?) N_x(b2) y(b3) N-y

(b2b3)N       (a,í>l9)1(a2fi2í>3Í;l?)iv-I(aiW7(í,2M)/
(a\<iY

(axq)i(b-2%W-N)i(R-X),(q-y),l   b

^(q)l(bxW-x),(<l-N)i(b-2X<lX-y)i Um

(4.2)
a2q,       b2 b3 qlt-l„l+'-iV

b\b2 b3 q ,     b3 q    '      , J-N '
\a,q

™   (a\a2b2b3q)„(qx/a]a2b2b3~q~)n(-x/ala2b2b3q)n(alb2q)„(q-N)n

„=o (q)„(]/axa2b1b3q)n(-Jaxa2b2b3q)n(a2b3q)„(axa2b2b3qN+2)„ \     a\b2

,    q"+]axa2b2b3,     q~*
.,-•<»+'>/*. x„A

q" + ]axa2b2b3,

axb2q,

axbxq,

a, a

This may be viewed as a ¿7-extension of the bilinear formula that we found in [8]

for Hahn polynomials. Setting ¿z,¿7 = 1 in (4.2) we get a much simpler formula:

(a2b2b3q)N        (b2b3b~xl) N_x(b3)N-y

(b2b3)N     (a2b2b3b\xq)N_x(a2b3q)N

a2l>
4*

b2b3 q

b\b2 b3 q
; <?.<7

b-3W+y-",      q-

" (a2b2h3)n(qx/a^b2~b3~)ii(-qx/a2b2b3)i¡(bx)n(b2)„(a2q)„(q-N)n

„=o (q)„(^"2b2b3)n(-y/a2b2b3)n(a2b2b3b-;[q)n(a2b3q)„(b2b3)n(a2b2b3qN + I)n

q"a2b2b3,     q~
(4.3) ■ (-bx%ql+»y ■ q-**+ D/2

3*2 <?><7

■l<t>;

<?"",     q"a2b2b3
-N<a>a

We may now take the Jacobi limit: x, y, A -> 00 with N — x — r, N — y = s,

r, s = 0,1,2,_Then (4.3) reduces to

(a2b2b3q)x        (b2b3b\x) r(b3),

(4.4)

(^2*3)00     {a2b2b3b-xxq)r(a2b3q)s

a2q, q~r,

bxb2xb3XqX
•3*2 U-1,.2

*3_1?

r*-s\q,b~2b3xq

"        (fl2*2^3)n(q¡a2b2b3 )n[-q{a2b2b3 )n(bx)„(b2)„(a2q)„      , ,n

2d  - ——— V-(bx b3)
»=o (q)n[ia2b2b3 )n(-i/a2b2b3 )n(a2b2b3b\xq)n(a2b3q)n(b2b3)n

q~",     q"a2b2b3
■2*1

¿7-",    q"a2b2b3
\q,qr

2*1 ;<7. ?
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When bx = b2, equation (4.4) leads to Al-Salam and Ismail's bilinear formula [1,

equation (3.11)]. The vahdity of (4.4) cannot, of course, be taken for granted since

we have an infinite series on the r.h.s. However, for 0 < bx, b2, b3, b2b3/bx < 1 and

0 < ¿j2¿7 < 1 one can prove in much the same way as done in [1] that the kernel on

the l.h.s. is square-integrable, which ensures the validity of (4.4).

Let us now discuss the special cases of (4.1) when c ¥= 0 and either axq — 1 or

¿i2¿7 = 1. To fix ideas let us take axq = 1, since the case a2q = 1 will give essentially

the same identities. Setting ¿z,¿7 = 1 in (4.1) we obtain

(a2b2b3q)N(a2b3cq)N (b3c)x(b2b3b~x]) N _ x(b3c) y(b3) N _ y

(b2b3) N(b3c) N        (a2b3cq)x(a2b2b3b-xlq)N_x(a2b3cq)y(a2b3q)N-y

10<f>9

«VV,     qh]c-Y tÍ^ V*.

yfr3-c-y"

(4.5)
c-'q-y,

b-3y+>-

3  c     <7

KW""*.     bfc-'q,

a2°>

a-2Xb-3Xc-V\

x-N

b2c~ q blV'q

■2c   q

bxb?biW**-N,

6,9

bVc-W~y'   ' "263

_   "        (a2b2b1)n(q^a2b2b3)n(-q^a2b2b3)n(bx)„(b2)„(a2q)n

n=o (q)„(^a2b2b3 )n(-xJa2b2b3 )n(a2b2b3bx,q)n(a2b3q)n(b2b3)n

(b2c ')„(a2b2b3q"+')„ \    »xc    j

assuming that we have set ¿z,¿7 = 1 in the expressions for W¡¡X)(x; ¿7) and W¿2)(y; q).

This leads to a particularly interesting bihnear formula if we specialize the

parameters ¿z2 and b3 by setting

(4.6) a2q = q-m, qmb„

where b4 is an arbitrary parameter and m a nonnegative integer. Then, whether or

not x, y, A are nonnegative integers as had been originally assumed, we get the
identity

(b2b4)m(cb4qx)m(cb4q>)m(b2b-x>b4q»~x)m(b4q»-?)m

_

(b2b4qN)m(cb4qN)m(b4)m(cbA)m(b2b-x'bA)

b.ic.iq.S-mt     q]jb-Xc-Xq-N-m

lO'ÍN

1„-1„-Af-«q^bi'c-'q bi%W~m~N,

f4 \c-\q-N-m P.>4:c-lq-N-m , b2c

-iy.-iy.i-«bVc"q

b-4Xc-W~N, bxb2'b4'q
\L-\„\+x-m-N

c-xq~y.

(4.7)

b_XqX+y-N-m

qx~N, qy~»

bilc-lql~x~m,    b^c-y-y-*

™    (¥<^^'),1^^2¥')J-.^^^«f'),(t|),(t^),(V),(^^''),(^^,^

»=° (q)n({h2b4q-¡ )n(Jb2b4q-> )n(b2bllb4)a(b4)n(b2c-l)n(b2b4q'")n(b2b4q"-)„

■[^qN+m]"w^(x;q)W^(y;q).

; q,bxb4 q
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^(tV)  <\^R)W¡/\y;q)
w )k y '   '

By using the summation formula [11, p. 247]

(4-8) 2<Px[a,q-m;b;q,q) = (b/a)mam/(b)m,

we can now invert this formula if we multiply both sides by

qm(q-k)m(qk~xb2b4)m/(q)m(b2b4)m and sum over m from 0 to k. Thus we obtain

(4.9)

(bx)k(b2)k(b4c)k(g-»)k

(b2b-x\)k(b4)k(b2c-l)k(b2b.

_   y    (l-k)Mk-]b2b4)Jb4cqx)m(b4cq>)m(b2b-x%q»-x)m(b4q»y)m   m

«=0 (<im)(b4)m(b2b-l<b4)m(b2b4q»)m(b4cqN)rn(b4c)m <?'0  9lJ.

where ,0<j>9[ ] is the same as the one on the l.h.s. of (4.7). This formula simplifies even

further if we apply the transformation formula (1.5) on both Wkm(x; ¿7) and

Wt2\y; q):

q-k,    qk~xb2b4,    q~x,    bxb2xcqx

q~N,        bx, b4c

(b2b-x\)k(b2c~x)k

W^(x; q) = 4fc

(*.)*(V)*
(bxb2xc)

k

■4*3
q~k,     qk-xb2b4,     qx~N,     b~xxb2c-xq-

q,q

W^(y; q) =4<(>3

b2bx-xb4,       q-N, b2c'x

q~k,     qk~Xb2b4,     q-y,     cq^»

,-N
>q,q

(h)k(b2c-x)

(b2)k(b4c)h

k    y*
C   4*3

b2,        b4c

q~k,     qk~xb2b4,     qy~N,     c~xq-y

b4, q-N,       b2c~x
; q,q

We now substitute these in (4.9), replace x, y by A — x and N — y, respectively,

and improve the notation somewhat by replacing c~x by b3. The final form of the

formula is

(4.10)

4*3

li,     h    „X-Nq'",     q"-xb2b4,     q~x,     bxxb2b3q

b2b3

~>q,q

b\xb2b4,      q'N,

q-\     q"-xb2b4,     q-y,     b3qy~N
&4V3

b4, q-N,        b2b3
\q-q

(b4b-3x)n(b2b4gN)n, r„
/.   .  w   -n\-\b4b3q   )
(b2b3)n(q     )n

Ä   (q-")k(qn-lb2b4)k(b4b-3xqN-x)k(b2b-xxb4qx)k

' ¿o     (q)k(b4)k(b2bxxb4)k(b4b3x)k(b4b-3xqN)k



REPRODUCING KERNELS AND BILINEAR SUMS 503

(b4b-3xqN~y)k(b4qy)n   k
77~T   Ä7\ a
\o2o4q   )k

•10*
10V9

b3b;xq-»~k,     qJb3b-4xq-N~k ,     q^b3b4xq-N~k ,     b2xb4xqx-k~N,

Jb3b4-Xq-N~k ,       Jb3b-4xq-N~k , b2b3,

b3b-4XqX~k, q~k,

-I-.1-V

b~xxb2b3qx-N, b3qy~N,

q~\ b3b4xqx~\     bxb-2xb-4xqx~x~k,     b4xqx-y~k,

q-x> q~y , . _,

b3b4xqx-N+x~k,     b3b4xqx~N+y-k ' q'   ' 4 q

where n is a nonnegative integer whose value is restricted by the requirement that

none of the denominator parameters on the l.h.s. attains the value 1, if any of them

do at all, before q'" does.

5. Product formulas for q- Racah and ¿7-Wilson polynomials. We would like to think

of equation (4.10) as a master formula that leads to different types of product

formulas for ¿7-Racah polynomials defined in (1.2) as well as for ¿7-Wilson polynomi-

als [10] defined by

(5.1)       p„(x;a,b,c,d)=4<j>2
¿7-",     q"-xabcd,    ae'O,    ae~,e.

ab, ac,        ad
q;,q

where x = cos 0, 0 < 9 < tr.

For the ¿7-Racah case let us speciahze the parameters in the following way:

(5.2) b2 = q»+'+ß+\   &j = 9-<«+/»+i>,    b4 = q~M,

b2b-xxb4 = q-"',    q-» = q^+x,

where M and Af are nonnegative integers. (4.10) then gives

q-\     q»+«.+ß+\      q-*t      y^-W+T

qa+\ q'M',      /+1,+ l  'q'q

■4<t>-,
q~",    q"+«+ß+\     q-y,     qy-M+y

qa+\ q~M,     qß+y+''q'q

(5.3)       = (/+l.)„(<?°-+')„/(¿7°+,)„(/^+1)„

.   y„y   (<,-")k(qn+°+ß+X)k(q-'-x)k(q-i-y)k(<lx-M)A<ly-M)>

q 10*9

(q)k(q-M)k(q-M')k(lß+])k(^)k(qa-y+]),

?r~*>   qyjq^k,   -iy/qy~k >   iy~a~k>    q~ß~k-    e~*>     qy+x~M',

v^>   -4^~k- «+!_       qß+y+l,    qy+\    qM'~x+'~k,

y+y-M

1,1M-y+\-k^ y+x+\-k^ y+y+l-k' H'

M+M' + a + ß + l



504 MIZAN RAHMAN

Unless M + M' + a + ß + 2 = Q the ,0<i>9 series on the right cannot be trans-

formed to another ,0<i»9 which does not mean, however, that the sum on the r.h.s.

cannot be transformed to any other form. All one needs to do is to use various

choices of the parameters bx,b2,b3,b4,N so that the l.h.s. of (4.10) remains

essentially the same while the r.h.s. undergoes a transformation. For example, an

alternative to (5.2) is the choice

(5.4)

which leads to

(5.5)

4*3

bx =qa+y+x,    b2 = qa~y+x,    b3 = qy,    Z>4 = /+?+'

q"+«+ß+\    q- nx-N—,

q-\      /-T+l
q,q

'4*3 q»+*+ß+\   q-y,   q
y-N + y

q~N,     qß+y+l q,q

(aß+]) (a"+«+ß+2)
\q )n\q_¿JLa-(N+ß+\)n

(q°+X)n(q-N)n

"    (q-")k(q" + " + ß+X)k(qN+ß + X-x)k(qN+ß+X-y)k(qß'y+X+x)k(qß + y + X+y)k   k

io (q)k(qß+X)AlN+a+ß+1)k(qN+ß+X)k (<7^+'M/^')*

'10*9

q-»-ß~>-k,     qjq^- -\-k

^
\~k

-qjq-N-ß-X~k

-Jq-»-ß-X-k, q

q-N-«-ß-\-k^    q-ß~k,

q   .      q

,-ß-K        „y-ß

x-N-y qy-N+y, q-x, q-y

"* q-y~ß-y-k^ x-N-ß-k^ y-N~ß-k q,q
a-ß+\

One can derive a number of things from (5.3) and (5.5). First of all we will show

how (5.3) leads to a Watson-type product formula for the 4#3 polynomials. Using

(2.5) one can easily show that

(q-*-x)k-i(q-<-y)k-,(qx-M')k-i(qy~M)k-,

(q)k-i(q"-^)k-i(q-y)k-i(qß+l)k-l

(q-y-x)k(q-y-y)k(qx-M')k(qy~M)k

(5.6)    =
(q)k(q"-y+l)k(q-y)k(qß+i)k

(qy-a-k)l(qy+x-k),(q-^k)l(q-k)l
(M + M'+a + ß+3)l

(qy+x+x'k)l(qy+x+y-k),(qM'^ '),(q M+l-y-k
)/
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Using this in (5.3) and replacing the summation variables k, I by r + s and r,

respectively, we get

4*:

q-",     q"+'+ß+\      q-*,      qx-M'+y

qa+x, q-M',      q^+y+x ; q,q

4V3

¿7-",     q"+"+ß+\     q-y,     qy-M+y

»+1 q-M^       qß+y+\
;q,q

(5.7)  =(qß+x)n(qa-y+l)n/(qa+l)„(qß+y+])n

T. y %r(q-")r+s(qa+a+ß+l)r+s(q-x)r(q-y)r(qy+x-M')Aqy+y-M)r

11      r=Osio (q)r(q)s(q-M)r+s(q-M')r+s(qa+l)r(qy+')Aqß + y+l)r

(qx-M')s(qy~M)s(q-y~x)Áq-y-y)s l-qy-s+r   r+s

(qß+1)s(q-y)(qa~y+l)s l-q y—s q

This is an interesting formula which is likely to have important applications to

convolution structures of all orthogonal 4</>3 polynomials. We hope to report on these

applications in a forthcoming paper.

It is obvious that a similar formula can be obtained from (5.5), but its main

advantage is revealed when we take the limit y -* 00 and obtain the formula for the

¿7-Hahn polynomials:

3*2

q-,    q"+°+l>+\    «-*..-*- q'",     y,"+«+f3+i,     q-y

q°+X, q~N

;<?><.

(qß+X)AlN+a+ß+1)j(qa+X)n(q-N)n

,y   (q-")k(<," + "+ß+X)k(qN +

Jo (q)k(qß+X)k(qN+a+ß+2)k(qN+ß+X)k

"     (n-"\,(n" + a+ßJtX\   (aN+ß+lx\   (nN+ß+ ■ _>i
(5 8)      j-tAf+fl+nn v \i  >k\q )k\q_)k\q_¿*. „<*+.)*

,-»-<*-!-*,       q]/q-»-ß-*-« ,       -i^q-»-'-1-* ,       q-N-a-ß-X-k^       ^ß-k^

Jr* ß-i-k -47^-

qx-N-ß-k^       qy-N-ß-k
<,.<,

n+\-N+x+y+k

However, use of (2.19) now gives

,,,.(.-M-t)t(<,+r'r-H)ti

87lJ    (qx-N-ß-k)k(qy-N-ß-k)k

q~k,     qk+«+ß^
q  , q '

„-N        „N + ß+1-x-y"*' q,q

{qN+ß+X)k{qN+ß+,-x-y)k

(qN+ß+^x)k(qN+ß+X-y)k
1*3

q-k,    q"+"+f+\     q-",

q~N,    qN+ß+l-*-y q,q
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by (1.11). So equation (5.8) reduces to

3*2
q- + ' + ß+\       q-

= (nß +

q,q
x-N-ß

3*5

q-",     ,-+« + /»+',      q-y

q,q

(5.9)

(qß+x)n(qs+a+ß+2)J(qa+x)n(q-N)n

"     (a-n\,(nn + « + ß+\\    ( „N + ß+\-x-y\
-(N+ß+n„ y \i  >k\q_)k\i_¿* (*+i,*

*=o       \nk)\i    )k\q )k

4*3

q-k,       gk+" + ß+\       q-*,

-N N+ß+\-x-y q,q

If we let ¿7 — 1 this becomes the Bateman-type product formula for the Hahn

polynomials that was obtained in [8]. Unfortunately (5.9) cannot be strictly regarded

as its proper ¿7-analogue because of the argument qx~N~ß in the first 3<>2 on the l.h.s.

However, using (1.5) we may easily derive the following transformation formula:

(5.10)    3<i>-

.n+a+ß+l

i+l .-V
;<7,<7

x-N-ß

(aß+1) q-\     q»+«+ß+\     q*-*

r-*      q

Substituting (5.10) in (5.9) and then replacing x by A — x we obtain

;q>q

3*2

¿7n+a+¿.+ 1,     q-

nß+l
;q,q 4>;

q"+"+ß+\     q-y
y.«+l ■ \q>q

(5.11)

(    N+a+ß+2\

- M_ÜL(_\\nar>(n-\)/2-Nn

(q-N)n    [  )q

y   (q-n)k(qn+«+ß+')k{qß+>+x-y)k,N-x+»k

k=o       (q)k(qß+l)k(qN+a+ß+2)k

*34V3

q-k¡       qk + a + ß+X^       qx-N^

i+\+x-y
;q,q

q"", q    ,     qh

The two ¿7-Hahn polynomials on the l.h.s. have the same parameters only when

a = ß, which seems to imply that a product formula of Bateman type does not exist

for this particular ¿7-analogue of the Hahn polynomials except in this special case.

However, a Watson-type product formula for these polynomials always exists, as can

be seen by taking the limit y -» 00 in (5.7):

3*2

Tn + a + ß+\

„;q,q 3*2
q-,   q

n+a+ß+\

q"

■M;q,q

(nß+\\       n    n-r I    -n\        (    n + a + ß+\\        (.-!)   (.-,)
(512) = (-i)j°"+"("+n/2 y y

{qa+X)nr%s%  (qr)(q)U*

(ax-M) (qy~M)

(qß+l)s
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This is a straight generahzation of Gasper's product formula for Hahn polynomials

[6].
Let us now set Af = Af in (5.7) (although this specialization is not necessary) and

introduce parameters a, b, c, d and real angles 6, <j> through the correspondence:

(5.13) q-* — ae ]-y = ae*
-M —

= ad,

qa+x=ab,    qß+x=cd,    qy = a/d.

Since (5.7) remains valid no matter what values we choose for the parameters as long

as « is a nonnegative integer, substitution of (5.13) in (5.7) now leads to an

interesting formula for ¿7-Wilson polynomials defined in (5.1):

p„(x; a, b, c, d)p„(y; a, b,c,d)
(cd)„(bd)„ ( a \"

(ab)n(ac)„ (!)'

(5.14)
2 Y^'n^+Áq"-^bcd)r+s(ae-ie)r(aeie)r(ae*)r(ae-*)r

r=0 j = 0 (q)r(q)Áad)r+s(ad)r+s(ab)r(aq/d)r(ac)r

(deiB)s(de-'e)s(de*)s(de-"f)s    1 - gq'-'/d    +s

(cd)s(bd)s(d/a)s l-aq-ydq     '

Note that the reality of the r.h.s. is self-evident as is its symmetry in 6, <j> and b, c.

The continuous ¿7-Jacobi polynomials, as defined in [10], are a special case of

¿7-Wilson polynomials with ¿2 = ^¿7 = -d, b — qa+x/2, c — -qß+x/2. We show the

corresponding formula explicitly:

*.4V3

1»+«+ß+l)        fqei»^        fqe-i9

q

•4*3

a+] -q ß+i
;q,q

q'\    q "+-+ß+\     fqe*,     {q,-<*

7^+i

;q,q

q" \      -q"' ',      -q

(5.15)    =(qß+X)n(-q"+x)n/(q«+X)n(-qß+x)n

. (_ir ¿  Y{q'n)r+s{qn+a+ß+X)r+^fqei9^(fqe''e^

r=o s=o      (q)Áq)s(-q)r+Á~q)r+s(qa+l)r

(fqe*)r(fqe-*)r^fqe^)s(-fqe^)s(-fqe*)s(-fqe-*)s 1 + qr

(-qß+<)r(-q)r(qß+l)s(-qa+})s(-')s l+q-

In the ultraspherical case a = ß one can derive a Bateman-type formula by setting

a — ß in (5.5), transforming the 10<i>9 by a formula of type (3.14) so that the top

left-hand parameter becomes free of k. But the resulting formula seems to be less

interesting than, and strictly speaking, only a special case of equation (5.15) and so

does not seem worth separate display.
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