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REPRODUCING KERNELS AND BILINEAR SUMS
FOR ¢-RACAH AND ¢-WILSON POLYNOMIALS
BY
MIZAN RAHMAN'

ABSTRACT. A five-parameter family of reproducing kernels is constructed for g-Racah
polynomials. Special cases for g-Hahn and little g-Jacobi polynomials are considered
by selecting the parameters appropriately. Corresponding bilinear sums are also
obtained for a whole range of g-orthogonal polynomials. As a special case, some
product formulas are obtained for g-Racah and g-Wilson polynomials.

1. Introduction. In [9] we constructed a five-parameter family of reproducing
kernels for Racah polynomials defined by a balanced , F; series:

-n, n+ta+pf+1, -x, x+y—N

(1.1) Wolx) =oFs atl, N, BHy+1)

where -N is the largest negative integer that appears in the denominator and
x,n=0,1,...,N.

The purpose of this paper is to seek g-analogues of the main results of [9] and to
discuss some interesting special cases. With the recent discovery of a g-analogue of
(1.1) by Askey and Wilson [4] it is natural to expect that most, if not all, known
results of Racah polynomials ought to have g-extensions. This remark seems
especially true in view of the transformation properties of these basic polynomials
which are defined by

(1.2) W.(x; q) = W,(x; a,b,¢c,N; q)

q—n qn+lab q-x cqx—N
—4¢3 aq, bcq, q_N 4,9

and are called g-Racah polynomials, where x, n and N have the same meaning as in
(1.1), and, a, b, c are complex parameters that are restricted only by the requirement
that the denominator parameters aq and bcq do not lead to a zero factor before any
in the numerator does. The ,¢, series is balanced, which means that the product of
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the denominator parameters is g times that of the numerator parameters, and is a
special type of a basic hypergeometric series defined by

a,, asz,.. ak+l 2 (al) (az) (ak+l)n x",

(1-3) k+1¢k[b b,, n=0 (q)n(bl) (bk)

where
1, ifn=0,
(]~4) (a)n E(a; q)n = {(1 _a)(l — qa) (1 — aq"_l), n=12,....

The transformation property we just alluded to is a g-analogue of Whipple’s
formula for the transformation of a balanced , F; of type (1.1) and is given by

-n n+1 -x x—=N
q7", q""ab, q7%, g7,
4¢3I aq, bcq, q_N ’ q’ q“

b i ac-l R —n, n+lab, x—N’ c—] -x
_ (bg).( q)c,,¢[q q - T 0.
(aq)n(bcq)n b, ac q, q
Using (1.2), (1.5) and the well-known sum of a very well-poised ¢¢5 [11],

0 a, q\/a_, -—q‘/z, b, c, q" ag"*!
N’
(1 6) o \/;, _‘/;’ aCI/b, 04/0, aq"+] be

_ (ag).(ag/bc),
(aq/b),(aq/c),’
one can show that the polynomials W,(x; q) satisfy an orthogonality relation [4]
N
(1.7) 2 p(x)W,(x; )W, (x; 9) = h,3,,,
x=0

where the weight function p(x) is defined by
(cg™).(aVea™) (-aVeg™) (aq).(beq).(q7),
(9)x(Veg™) (~Veg ™) (ca™'q™)(67'9™) (cq)s
and the normalization constant 4, by

(9).(Vabq) (~Vabq) (bq).(ac™'q),(abg"*?),(cg™™)"

(1.8) p(x)= (abg)™

19) h,=h, ’
" (abq).(a/abq ), (-a/abq ), (ag).(beg).(a7"),
with

(1.10) ny = (4 ulab g )y () y(abg?)

(ca™'g™™)n(b7'g™")y (bg)w(ac™q)y
The formula for the total weight h, follows from (1.6) and the use of the identity
[11, p. 241]

(1.11) (ag™"), = (-a)"q ""*V/%(q/a),.
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The duality of W,(x; q) in x and n is obvious in definition (1.2) and one can
exploit that to write the dual orthogonality relation
N

h08x,
(1.12) 3 (hoh; )W (x5 )W (y; @) = —3.
n=0 P(x)
A limiting case of the g-Racah polynomials, discovered by Hahn in 1949 [7],
corresponds to setting ¢ = 0 in (1.2):

q—n, q"“ab, q—x
(1.13) 0,(x; q) =3¢2[ 44|
aq, q
There are transformation formulas for Qy(x; ¢). But the most important one can
be worked out from (1.5) by taking the limit ¢ — 0. Thus one has

(1.14)

54,97 %/al.
(aq)," bq, q_qu/

Andrews and Askey studied these polynomials and found a weight function for
them a few years ago [3]. Another limiting case that will be of interest to us is known
in the current literature as little g-Jacobi polynomials and is obtained from (1.13) by
taking the limits x, N - oo such that N — x = r where r takes on nonnegative
integer values. These polynomials were also studied by Hahn [6], as well as Andrews
and Askey [2, 3], and are defined by

(x q)_( 1) (bQ) a"q n(n+1)/2 ¢2\q'", Q”“"ab, qx—N ]

-n n+1
(1.15) n(xaBle) =T T g o

wherex = ¢",r=0,1,....

In [1] Al-Salam and Ismail found a reproducing kernel for p,(x; &,8|¢q) and a
corresponding bilinear formula which will be seen in this paper to follow as a very
special case of a rather general family of reproducing kernels for the g-Racah
polynomials W,(x; q). We first take five arbitrary parameters a,, a,, b,, b,, b; and
define two different g-Racah polynomials:

q-n, qn+la a.b.b , q-x, b b—lcqx—N
(1.16) WO(x; q) =4¢3[ 1727273 . 172 4,9

alblq, q > a,bscq
and
q-n’ qn+la a-.b,b , q—x, qu—N
(1.17)  WO(x; q) =0 Ve T $4,49|.

Obviously W (x; q) = W,P(x; q) when b, = b,.
We then show that they are related by a connection relation

N
(1.18) 2 Kn(x, p)WP(y; q) = AW,V (x; q)
y=0
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where the “eigenvalue” A, is given by a balanced ,¢,:

- "ty a,b,b,, b,, bbb
(1.19) A, =, q q 1820,04 2 1 0204 S 4, q

abyq, b,by, abi'b,byg

and the kernel K (x, y) has the double sum form:

Koo ) = A )xﬁy (cbz'lq-lv)i(q‘/cb;lq-)v)i(_q‘/cbilq-zv)i(alq)i
n(x,y NX, Y vy (q)i()/cb; q_N)i(‘\/d’ilqw)i(cal-lbz"q'N),-

(blbz_lcqx_N)i(bz-lbglql-N)i("bilq)i("qy—N)i(‘l—x)i(‘l-y)i ( by )i

.(bflql_x)i(bsc)i(q-N)i(bilql—y)i(cbilqlﬁ-x—N)i(cb;lql+y—N)i ab,
(1:20) b\, qlbylegN, —qfbs'clgN, e, bi'bye™'g ™,
*109
1099 ‘/bglc"q-N, _‘/bglc—lq-N’ a;lbslc-lq-l‘l, blbz-lbilql+x—N’
g7, b'b3'e'TN, bilelg' T, Y, @V g, -2
BTN, bl N, g blelg " Tk |
where
Ay(x, y) = (9)n(asbseq)w(@ibac™'a)y  (51)4(bsc).(52),(bsc),
(l 21) N ’ (b2b3)N(b3C)N(bzc_|)N (alblq)x(a2b3cq)x(q)y(cq)y

(b26™") - (20307 )y (Bs)w—y (Bac™ oy e
(a,bzc"q)N_x(a2b2b3bf1q)N_x(q)N-y(c")N_y 1—cg”™V’°

.

and x Ay = min(x, y).

Note that the ¢, series in (1.20) is terminating and very well-poised, and so is the
second series implied in it. However, transformations of these series are, in general,
not possible unless they have the additional property of being balanced, that is, the
product of the denominator parameters is g times that of the numerator parameters.
For the ¢4 shown explicitly in (1.20) this would require a,q = b, /b, while for the
second series one would need a,q = b;/b,.

One may also note the kernel K (x, y) is positive under the conditions:

(1.22) 0<aq,a,9,by,by,by,b,by/b, <1,  caj'bj'qgV <1,

or,

(123) a;g'*", a,9"*", b\q", byq", byq™, arb,bsb'q" ! > 1, cabg <1,

where0 <g<landi=1,2;j=123.
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Using (1.5) and (1.19) one finds that

— (allq_n) (b3l - n) n\n
A= (albzq)n(bzb3)n (a,b2b3q)

- -1 1_
q n’ b2’ aq, al b "

- . .44
azbllb2b3q, a|lq , big J'q'

_ (@)a(ai'bi'g™"),
129 =) (55,

. é (¢7" )k(bZ)k(a2q)k(allqk ")n—k(ba‘quk_"),,-k k
k=0 (9).(9)x(a'b7'q*~ ")n—k(azbn-lbzbaq)k
(¢).(ab 19) bgn(n /2

(alb2q) (bzbs)

. é (alq)n—k(bZ)k(b3)n—k(a2q)k (&)k

k=0 (9)1(q)n-k(a102q),_,(a,b7'byb3q) \ 019 ] °

( a,b,byq" )

by (1.11).

It is interesting to note that A, is independent of ¢ and N and is positive under
conditions (1.22) and (1.23).

In the next section we prove the connection relation (1.18). In §3 we discuss some
special cases and in §4 we obtain some bilinear formulas. In §5 we deduce some
Bateman-type and Watson-type product formulas for g-Racah and ¢-Wilson poly-
nomials in general, and, for the continuous g-Jacobi polynomials, in particular.

2. Construction of the kernel K, (x, y). Applying (1.5) to the balanced series in
(1.17) we obtain

(a2b3q),,(a1a2b2b3q’v+2)

(a1b,9),(q7"),

(2.1) W;z(z)(y; q) = . (azbsqNH)_nWZ()’; q),

where
02) Wiy = & @A 0asbb). (aseg™) (arbia™ ),
r=0 (q)r(azbsq)r(azbsc‘l)r(alazbzbaq )r

Using the g-analogue of the Pfaff-Saalschutz theorem [11, equation (IV, 4), p. 247],
namely,

q-k’ a, b — (c/a)k(c/b)k
(23) 3¢2[ ¢, abclqg'” = (c)i(c/ab)y’

we obtain
(02b3(.‘ql+y) (a qu—y+I) (a b2cql+l)

2.4) baqj y b3cqy M )k
2 [k] a bchl+j) (

aqu—j+l)r_k(a2qN+l—j)k

b
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where j is a nonnegative integer such that y <j < N and [}] is the g-binomial
coefficient defined by [;] = (q),/(9)«(q),—«- In deriving the r.h.s. of (2.4) from (2.3)
we need to make use of the following identities [11, p. 241].

. _ (a) qn(n+l)/2—Nn
(2-5) ( )N—n ( -| - N) (_a)"

(2.6) (ag™)y = ((Z)_zlv(lq/:)).. —

Let us now compute the sum

Ly(i, j) = 2 1= (eq™"), (b’ ™),
(2 7) 1 2 cqz' N (cq'+’ N) (b cq|+x N)y
,(qy '*')w(q"’“) Wiy q).

(29”7") (0397 7),,

One may feel somewhat mystified by the appearance of the coefficients on the
right-hand side, but this is the obvious g-analogue of a similar object we considered
in [9] and is motivated simply by the requirement that these coefficients together
with the y-dependent terms in (2.4) will be summable by a very well-poised ¢¢5 sum
(1.6).

Through a somewhat tedious but straightforward calculation one can, in fact,
show that the use of (2.4), the identities (2.5), (2.6), and the summation formula (1.6)
yield the following result:

L(i, j) = C(i, j) 2 (¢7).(g"*'a\a,b,b,) (a,b3cq' V) (a g "), o
l =0 (9).(a;b39),(azb5cq),(a,1a,5,b54"*?),
q—r, b3 b3cqi+j_N, b2b3qj_i

o ailqj—N_” b, b, azbgch-J +4

(2.8)

where

(0o _j(bzbs)j—i(b3c‘1j_N).~(qu_N)j 1—cg'™"
(by)(B5),, 2 (q)j_i(cql—N)i(bz—lcqi+l—N)j 1 — cg?V
One fortunate, though expected, feature of (2.8) is that the ,¢, series on the r.h.s.

is balanced, hence we may apply the transformation (1.5) on it as often as necessary.
The transformation we require specifically is the following:

q7’, by, byeq'™ N, bybygT"
Sas “lgi=N-r PUPSEE LK |
aq b,b;, a,bicq
_ (by), (azb3cq‘+/) r
= 3
(b2b3)r(a2b3cq )r

q—r, b3, ailbglc_lq-i_r, ailbz_lbglqi_N—r
. . . »4q,49]|-
4% b21 1- - b -1 -1q i, a;qu—N—r

29) c(i,j)=

(2.10)
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It may be mentioned that the coefficient of ,¢; on the r.h.s. does not follow directly
from (1.5), but only after using (1.11). Now, by (2.5),

(2.11)

(b2)r(‘12b3("q1 +j)r(a2qN_j+l)r
(bz-lql—r)k(a;lbglc—lq-j—r)k(a;lqj—N-r)k

= (bz)r_k(a2b3cql+j)r_k(aqu_j+I)r_k(_a%b2b3ch+2)kq3"k—3k(k+ n/2,

Using this in (2.10) and then in (2.8) we obtain
Ly(i j) = c(i, j) ﬁ: (q"'),(q"+'a,a2b2b3)r(b3q)'
: r=0 (q)r(azbsq)r(azbsc‘I)r(alazbzbsqN+2)r(bzbs)r

r -r b —lb - —-i—r -lb-lb-l i—N-—r
(2.12) > (g7 3)k(a2 3C q(q)k)k(a2 > b3'g )k(—a§b2b3cq
k=0

N+3)k

gk /2, (bz),_k(a2b3cql+j)r—k(a2¢1N_j+1),—k'

Next we compute the following sum:

L,(i) = g 1 = chyg¥ ™V (azbseq);(bseq "),
j=x 1—cbyq™" (bsc‘I)j(blbz—lchx_N)j
(2.13) (@)@ )

(b7'bybsg %) (a2qV 1),

(b,;'5")’

'C_l(ia j)Ll(i’ J)

Again, the structure of the r.h.s. is aimed at the summability over j by using (1.6).
Substituting (2.12) and (2.13), simplifying, summing, and again simplifying by
means of (1.11), (2.5) and (2.6), we obtain the following form:

) n q7").(g"" 'aja,b,b5),(byq)"

Lz(l) = A(x) 2 ( )(‘I 1820, 3) ( ;q+)2

r=0 (‘I)r(azbaq)r(azbscq)r(alazbzbsq )r(b2b3)r

. (q-r)k(bs)k(azq)r—k(azbscq]H)r—k(azbzbsbflqlv_x“)r—k(bz)r—k

2.14) -
(2.14) /Eo (9)k(a:0,0507'9),

. (_a%bzbachﬂ)kq3rk—3k(k+1)/2(ailb;yc-lq-r—i)k(ailbilba-lqi—N—r)k’
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where

(9)s (b3'c™") y(asb,b3b7'q)
(azq)oo(bl_'bzbs)m (q)N(bzb;lc")N
] (a3bscq), (b5'bicq' ™), (¢7), ( b, )x
(bseq™),(b1b3'eq) . (b1a3'0;'b3'™) | @2b:b3

A(x) =
(2.15)

Finally we compute the sum

s (cb'g™),(aVebs'a™) (~avebs's™) (bib3'eq™ ™),
L(x) = 2 -1 -N —1,-N -1, x+1—-N “1p-1,-N
(2.16) =0 (Vebs'g™ ) (~Veb3'q™ ) (cbs'g**' ) (eai'bi'e ™),

i i

' (qi+1)°°(qx—-i+l)°°

(alqiﬂ)w(blq,‘_i)w (qa))™ - A7 (x)L,(i).

Substitution of (2.14) in (2.16) now leads to the following form:

L(x) = (9)% (51)x < (g7").(g" " 'a1a,6,b5),(bsq)"
(bl)oo(alq)oc (9)x r=0 (q)r(azbaq)r(azbz.“l)r(bzbs)r(alazbzbsqN+2),
@.17) - é (q_’)k(ba)k(bz)r—k(azq)rék(azbacqlH)r—k(azbzbsbilqh’_x“)r—k
k=0 (9)i(aybybsbi'eq),
k _
. (—a%b2b3ch+3) ,q3rk 3k(k+l)/2£k,r’
where
(2.18)

b= (a2'b3%c7'q77), (a3'03'03'47V ),

[C’?E'q'", qyebs'q™™,  —qyebi'qV, aq,
s

Jeby'q ™, ebi'a™V,  cai'by'q .

b.b;l(.‘qx_N, a2b3cq'+', a;lbilbslqk—N—r’ q—x

l+r—k’ cbz-lql+x—N

—1p-1 -k
- —Xx =13-1p-1_=-N-r 4,9 blq .
bll‘ll s azlbzlbalq N, asbyeq ]

However, the 4¢, series on the right is very well-poised and has the structure that

enables us to transform it to a balanced ,¢, by means of the formula [11, equation
(3.4.1.5), p. 100]

a, qy/;» "I\/‘-”:, b, c, d, e, q"" a%q"*?
va. -/a, aq/b, aq/c, aq/d, aq/e, aq”+|,q, bede

= (a9).(ag/de), , fa™" 4, e,  aq/bc
(aq/d),(aq/e),*"? aq/b, aq/c, deg/a’ |

897
(2.19)
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Thus we get
(2.20)

(cb—l l—N) ( —Ib;lq-x)
( lb cq N) (bll 1- x)x

q-ka alq’ ‘I—x, blbz- cqx—N
*a93

., = (ar'b5'eq™),(a3'63'b5'g ™), -

_ etpol N—r D4
azb3cq‘+’ K, abyq, a2'b2'b3q N

_ ()i(a3'b5'c'q "), (ar'a3'by'b3'g 7V 7)),
- (a,619),
(o), (e,
( i'by'eq” )x(bl_lql_x)x
q—k, alq’ .02b3cqx+l+r—k, a2b2b3b 1, N—x+1+r—k
'4¢3[ a,bicq" "k, bilg'~¥, ,8,bybygV Ik 4q q]

In deriving the last line above we have made use of (1.5) once again. We now
substitute (2.20) in (2.17), simplify the terms by means of (2.5) and (2.6) and replace
the summation variable r by r — k. This leads to

(7). ( 'a,a2b2b3)
L(x) = B(x) q"
Eo (a2b3q)r(b2b3)r.
(2.21) r k[ (b1),—(b),(bs),_,
k 0 /=0 (q)l(alblq)r—k
. (%‘I)k(q —’)1(01‘1)1("21’30‘1” )k+1("2b2b3b ! N_x+l)k+1bk !
(02b2b3bl_lq)k(a2b3cq)k+1(bl-l - '+k)1(a|azb2b3‘1N+2)k+1

where

— (q)i (a,0,9), (Cbz1 - N)x —x
(222) B(X)— (alq)oo(bl)oo (q)x( 1lb2 cq )x ( Iq) .

By changing the order of summation in (2.21) one can easily see that

n 1+x 1 N—x+1
223)  B'(x)L(x)= 3 (aybscq'**),(a;bybyb7'g N ~**1)
=0 (axbseq) (a1a,b,b547*?),

S
n,s

where

U = “ (q"‘),(q"“alazbzb:,)rq
- (¢).(a3b9),(b,b5),

. [ (bl)r—k(b3)r—k (b2)k(aZ‘I)k(qk—’)s—k(alq)s—k Kk s—k

(224) kgo[k] (a1b,9),—x (‘I)s-k(bflql_’+k)s—k(a2b2b3bfl‘1)k ? .
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Simplifying the terms in (2.24) by means of (2.5) and (2.6) and changing the
summation variables, we get

U _ (q-")s(q”+Ia1a2b2b3)s(b2)s(a2q)s (b q)s
n,s - 3
(q)s(02b3q)s(b2b3)s(aZbeBbl]q)s

(2.25) . "is (¢*")ilg* " 2 a,0,b5) (51)(b5), k
k=0 (q)k(b2b3q2)k (a,blq)k(azb:,q”')k
b [‘I_s, aq, byq*,  ba;'b;'bi'q™* q q]
4 -1 1—s -1,-s > 1
? alblqk+l’ bzlql s azlq

Once again the terminating ,¢, series on the right turns out to be balanced.
Applying (1.5) we now have

o [q's, bqu, a,q, blailbz_lbs_lq-s’ q q‘
3 _ —s 1.5 » Y
4 a|b1qk+]9 b2lql ’ aZIq
_ (b2b3qk)s(a2b3qk+l)s k+s)~S
= - 1 (a2b2b3q )
(b3 ~),(az'q™),
" [q—s, g’ **lajarb,by,  bigk, byg" g q‘
493 s 4>
(2.26) a;byg**!, b,bsg*, a,big**!
— (b2b3qk)s(a2b3qk+l)s

B (aa), )
) - (q_s)l(qs+k+|a|a2b2b3)I(blqk)l(b3qk)1 /
=0 (q),(a,b,q"+'),(b2b3q"),(azb3q"+'), “
by virtue of (1.11). Substituting (2.26) in (2.25) and simplifying, we obtain
U = (¢7").(q""'a,1a,6,b5),4°
" (9)s(ayb,b3b7'q),

n—s

. E < (‘Is-")k(qﬁnﬂalazbzbs)k
k=01=0 (‘I)k(‘I)l(qualazbzba)k

) (q_:)l(bl)k+l(b3)k+l(qs+Iala2b2b3)k+1 kti—ks
(2.27) (aIblq)k+l(a2b3q)k+l(b2b3)k+l
_ (q'”)s(q”+la|a2b2b3)sq"'
(q)s(02b2b3bl-lq)s

. o (qs+|ala2b2b3)m(bl)m(b3)mqm

m=0 (alblq)m(a2b3q)m(b2b3)m
.3 (47°)m—i(q°* " 'a1a,0,b5) (¢° ") ks

k (q)k(q)m—k(qs+lala2b2b3)k
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However, by (2.5) and (2.3),

(q_s)m—k(qx+n+lala2b2b3)k(qs—")k e
k (q)k(q)m—k(qs+lala2b2b3)k
—s q—m’ qs—n’ q
(228) ~la) ”
(q)m 372 qs+l—m, qs+|alazb2b3 9.9
_(@)m (97" m(g"*'a1a,b,b3),, _ (97")m(g""'a,a,6,05),,
(9)m (q‘+'a|azb2b3)m(q")m (q)m(q’+'ala2b2b3)m

s+n+1
a,a,b,b, .

Thus, (2.27) and (2.28) give

— (q‘”)s(q"+'a|a2b2b3)sq‘

U, -
(2.29) : (q),(a2b2b3b,'q)s
.4%[‘1_", q""'aja,b,b5, by, by . q q].
b,b;, a\bg, a,byq

But the ,¢, on the right is balanced and so it transforms to

q", q"‘'aja,b,b,, b, b
4¢3[ 1420,04 1 3 4. q
b,b;, a\bq, a,byq

(2.30) _ (a,bzq)n(azbzb:,bf'q)n (ﬁ)"
’ (alblq)n(a2b3q)n b,
¢ [q"’, q""'aja,b,by, by, b,byby!
‘493 _ > 49, q|-
a,byq, b, b, a2b2b3b,'q

Thus we have
(2.31)

B '(x)L(x) =

(a,b,9),(a,b,b:b7'q),, (ﬁ)”
(alblq)n(a2b3q)n b2
A i q7", q""aja,b,b;, aybyeq' %, a,b,byby'gN ! 4.4
man aybseq, a,a,b,by,q"*?, abbsbi'e
— (¢77)a(a1659),
(a2b3q)n(ala2b2b3qN+2)n
Note that A, as defined in (1.19), is the same as the 4, in (2.30), and W,)(x; q) as

defined in (1.16) is obtained from the ,¢; of the first line in (2.31) by using the
transformation (2.5) yet another time.

(@25 )"\ W O(x; q).
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If we now follow the sequence of operations performed on W,@( y; q) we find that

o § (BT (alt ) (bt ),
X x
- (W)i(_W)i(Cbz_lql+x_N)i(cafle q-N)i
(@) (),
(014" ") (0137,
: g 1 — cbyg® ™V (arbyeq)(byeq™™™),
Jj=x 1- Cb3q—N (b3cq)j(b|bz'lcq'+"'”)j
. (g7 ") o (gV 7+ (B,b'5")
(232) (b;'bzbaqj_x)w(aqu—j+1)oo
-C7(i, ) é ppr Ll (cg'™),(bseq’™™),
2 o ), (i)

(qy~i+|)°°(qj—y+|)°° 2( +-
(o)., )

=AW (x; q),

(‘Ial)_i

y

where A(x), B(x) and C(i, j) are defined by (2.15), (2.22) and (2.9), respectively.
The reproducing kernel defined in (2.32) is the same as the one given in (1.20) and
(1.21) once we express it in terms of basic hypergeometric coefficients and make
repeated use of identities (1.11), (2.5) and (2.6). However, it may be pointed out that
the nonnegativity of the kernel under conditions (1.22) or (1.23) is somewhat more
obvious in (2.32) than in (1.20).

3. Some special cases.

Case I: ¢ = 0. As we have seen in §1 the g-Racah polynomials reduce to g-Hahn
polynomials as ¢ approaches 0. So by taking the limit ¢ — 0 in (1.18) we should get a
connection relation for Q,(x; q). Since lim,_ ¢(ac),, = 1 and lim _¢(ac™),,/(bc™),,
= (a/b)™, the connection relation (1.18) becomes

N
(3.1) S Ly(x, y)0P(y; 9) = X,00(x; q)
y=0

where A, is the same as in (1.19) and the g-Hahn polynomials are given by

"tlaja,b,by, g% 4.4
g

’

abyg,

(32) 09(x; q) =3¢2[" > 1

(3.3) 0P(y; q) =1,

q", q""'aja,byb;, q-y'q q
a,byq, q_N
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while the kernel L, (x, y) is defined by

Ly(x, y) = By(x, y)xﬁy (allI);(bz-lb_;lql—N)i(q-x)i(q_-y)i( b, )i
i=0 (‘I)i(bflql "),-(q‘”),-(b;‘q' y)i ab,
a,q, bz_lbglql-H_N, q"_"’, qy_N‘
b]bilbglql+x—N, b;'qH'y-N, qi_N » 4, Q]’

(3.4)
with

(9)wn (b2b3b;l)N—x(bl)x(bZ)y(bS)N—y(alq)xbN_y
(bybs) (azbzbsb;]q)N—x(ale)x(‘I)y(q)N—y ?

We would like to point out that this special case represents a g-extension of the
results in [8].

Case II: ¢ =0, a,q = 1. Setting a,qg = 1 in (1.19) we find that the eigenvalue
reduces to a balanced ;¢,. So, using the summation formula (2.3) we get

(3.5) By(x,y)=

A = [‘I—", q"aja,b,b;, b, . 4.4
(3.6) non a,b,q, bby,” 7’
) (alq)n(bglql_n)n —_ (alq)n(b3)

= = b?
(albzq)n(bz_lbs_lql_"),, (a,6,9),(b,b3), °

by (1.11). Hence the connection relation reduces to

N -n n -y
97", q"a)bby, ¢q
> My(x, )’)3¢2[ ]

~n> 499
(3.7) r=0 bt 4
_ (a19),(b3),b; q7",  q"a\bybs, ‘I_x,q q}
(aleq)n(b2b3)n3 2 abyq, A
where

(q)N(bl)x(bZ)y(b3)N~y
(b2b3)N(albl‘I)x(‘I)y(‘l)N—y

. a\q, bz-lb:’jlql_N’ q_x" q—y i q b3
o bi'g'™*, gV, bi'¢' T abi |

(38) My(x,y)= (al‘I)xbz I

Case 11I: ¢ = 0, a,q = 1. A similar calculation leads to the connection relation

N
2 PN(x’ y)3¢2

[q'", q"aybyby, g7 ]
y=0

by, ‘I_N;q,q
(b,),(a,9) (b2b3)" [‘1_"’ q"a,bby, g7
39,

(3.9)
" (b;b3),(asbybsbi'q), \ By b, ¢V "]’
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where

(3.10) Py(x, y) = — A(Bababi )y (5:), (B,

(byb3) w(a20,0367'q) . (9),(q)w—y

[azq’ b;'b3'g' N, v, qy-—N' . q‘
‘4 3 x— _ _ _ » 4> .
b1b21b31q1+ N’ b3|ql+y N’ q N

N—y
by

This case yields an interesting kernel for the little g-Jacobi polynomials defined in
(1.15). If we take the limits x, y, N > o0 sothat N—x=rand N—y=sys, r,s
being nonnegative integers, then (3.9) becomes

-n

o0 n
q7 ", q"a,bb,, s
(REVINDY Pw(r,S)qul[ zbzz V4.9 “]
=0

o ) ¢[q-", 9"asbsbs qq,+,]
(bb3),(azb,b5b7'9), \ b1 ] ™! by 7

with
_ () (Babsbi"),(b3),
(312) Poo(r,s) - (b2b3)°° (02b2b3b1 Q)r(q)s

-r

q’, q°, a,q e
.3¢2[ b b2|b L1— -, b;lql—s;q’ bZIbBIqZ]'

In the symmetric case b, = b,, this is essentially the same kernel as found by
Al-Salam and Ismail [1] by an entirely different method.

Case IV: a;g = 1, ¢ # 0. The eigenvalue A, is the same as in (3.9) while the
“eigenfunctions” are:

q",
W;u(l)("; ‘I) =4¢3[

q"azbyby, g7, bybyleg*™V
b, q ", a,bscq 4

q", q"a,b,by, q7, cq* N
W(y: q) = s e 14, 4|-
b,, q", azbxq

The kernel K, (x, y) becomes a multiple of a single ;¢4 series:
(9)w(azbscq)y  (b3¢)x(b2),(bsc),

Kn ) = by u(bse)n  (arbsca)o(0)>(ea);
(bzbsbfl)N—x(ba)N—y(bzc)N—y 1 — g™V
‘ (a3b2b367'9) y_ (D) Ny (¢ IN=y 1 ="V
b—l I -N q b;l(.‘_lq_N, -q b-l I -N aq,
o e e
(3.13) bi'bye g%, g7, b3'bile' Y,

blbilb;lql+x—N, b;lql+y—N’ bzc",

b'elq, g7, ™" b
q-N’ b,' |1 x b—l || -y’ 9 ay b, :
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Although the above series is very well-poised, there is no known transformation
formula for it unless it is also balanced, which requires that a,q must equal b, /b,.
Apart from Jackson’s formula for a very well-poised balanced ,,¢, [11, equation
(3.4.2.4), p. 102] the author recently derived a g-extension of Bailey’s transformation
for a 2-balanced very well-poised 4 F; which reads [10]:

a, qﬁ, "qﬁy by C, d»
1o ‘/;, —‘/3, aq/b, aq/c, aq/d,
B, c, L
aq/B, aq/C, aq/D, ag**'’ ’
(3.14) = (@0)(aa/BC)(aa/PD),(ag/Be)s(aa/B)u(b)s
) (aq/c)i(aq/d)«(aq/B)x(aq/C)i(aq/D)i(b/B)«
Bb'q%, q/Bb'q7*, -q/Bb’'¢*, B, aq/be, aq/bd,
ﬁ?b"tfk, -\/Bb"q'k, b'q'%, a'Beg*, a'Bdg ¥,

1099

aq/bC,  aq/bD, a'Bg*, ¢ 0a
a”'BCq™*, a7'‘BDg™*, blag, b'Bg |

where k is a nonnegative integer, and balanced property requires
(3.15) a’q® = bed BCDq™*.

Setting a,q = b, /b, and choosing it as B, b;'c”'q as b, then applying (3.14) in
(3.13) and simplifying the coefficients by means of (1.11), (2.5) and (2.6) we then
obtain

_ (9w (bs¢c),(b,),(bic),
(316) Kn(x ) =5 b3 ~(bre) (a), (ca),

(B w—y(Brbsbi'e™ )y, (b3'c'g) -, (BT 7'9 ™)y
[CATEN G P () VN L A P
) (bzbsbfl)y—x 1-cq
(8,),-x 1—cqg” ¥
bieg” V7, qfbieg? N, —qybieg” V7!,
o fbicg™ . g™,

b,b3', q* cqg” ",

2y—N

bscqy_N’ blcqx+y_N, by,

bzbsq_l’ blbz-lcqx—N, bcq’, gV

;4. 4|,
bb;'b3'cq” "', b7, gV, b

where we have assumed, for the sake of definiteness that 0 < x <y < N. A similar
expression can be derived when x = y.
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An interesting situation arises if we set b,b;' = ¢~™ where m is a nonnegative
integer, 0 < m < N. Then

q—n, qn—lb b , q—x, b b—lcqx—N
w,O(x; q) =4¢3[ v " ;4. 4|,

bl’ ‘I_N, b.C
(3.17) -n n—lb b -y y—N
q ’ q 1¥2» q ’ cq
W(y; q) = 54,4,
"2y q) 4¢3[ b, . b T q]
(7")n(b1),
(3.18) A, = —F—"—(byg )",
(b2),(b,bq™ ) 24
and
(@Dn  (51eg™)(b2),(bic),
K s =
M) ™ (5102 (9)5(ea),
(bl)N—y(bzc q )N—y(bnlc '4' m)N-—y(bll lg'” X)N -y
(D)n—5(c vy (bi'e'q) o, (bi'e g ™™ X)N~y
(624™)y—x 1 — cg?~¥
(3.19) . (5, 1 —cg ¥
b V7, gl ¥, —qbieg’ N, ",
“109
o \/bl“qy_N_l’ ‘\/blcqy_N_l, bieg™tr N,
bybyg™ ™", a7 N, bbileg™ N, bieg?, ¢V
b;lcqy—N—m+l’ b,CqX+y—N, bl? bzqy x’ q—N’ b|C 491

Case V: a,q = 1, ¢ # 0. Here the eigenvalue A, is the same as in (3.6) and the
eigenfunctions are

g, q'abb,, q*, bbyleg™V
WO(x; q) =405 1 2 14,9

a,byq, q ", bye

q"a\b,by, g7, cg”™V
s 4,4])-

q",
I/Vna)(y9 q) =4¢3[
albzqv q-N’ bBC

Also
Kn(x,y) = (q)N(alb2" ‘i)N (b1)(b;),(bsc),
N (bb3)w(b2c™)y  (01019)(4)5(cq),
_ (B2e™ )y (B3) vy (B2c™ ) n, 1—cg”™¥
(“lbz"_lq)N—x(‘l)N—y(c'l)N—y 1—cq”™V
(3.20) - cbi'a ™, qleby'qN, -qleby'q, ayq,

\/be N, -\[Cbilq'N, cay'by'q~V

b b;lcqx—N’ b;lb;‘ql_N, cb;'q, cqy—N’
bll 1- x b3c, q-N, bi'q"",

q7% q” by
cb;lql+x—N’ cb-l 14y—N> 4 T~ a,b,
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The o9, series is balanced if a,g = b;/b,. As in the previous case it can be
transformed by (3.14) if this condition is satisfied. If, further, b;/b, = q¢~", m a
nonnegative integer, then the kernel K, (x, y) above assumes a form similar to that
in (3.19).

4. Bilinear formulas. Let us now multiply equation (1.18) by

(alazbzbaq)n(‘I\/alazbzbsq )n(“l\/alazbzbsq )n(aleq)n(aZbBCq)n(q_N)n
(‘I)n(\/aﬂ‘zbzbsq )n(—\/:x,azbzb;;q) (a2b3q)n(alb2c-lq)n(ala2b2b3qN+2)n

(") WD(z; )
and sum over n from 0 to N. Then, by the dual orthogonality relation (1.12) we
obtain, after some simplification and replacing z by y, the following bilinear
formula:
(“2b3‘—“1)1v(a|”2b2b3‘12)N(albzc_]q)N
(bsc) (bybs) n(bye™)
. (bl)x(b‘.’;c)x(ch-l)N—x(b2b3b;l)N—x
(a1019)(asb5¢q) (a,byc7'q) v (a;b,b3b7'q)
) (b2)y(b3c)y(b20_])N—y(b3)N—y
(alqu)y(a2b3cq)y(alb2c_lq)N—y(a2b3q)N—y
"§y (cb3'q™),(@ebs's™) (-alebs'a™ ) (arq),
=0 (q),(Vebs'q™) (~Vebs'q™) (cai'bs'a™™),
(b|bilcqx_N) (b21b3l 1- N) (cbz-lq)i
(b;|ql_x)i(b3c)i(q N)i(bZ_Iq‘_y)i
 (eg?™)i(g7)i(g™), ( by )‘
(41) (Cb 1 1+x— N) (Cb -1 1+y— N) a‘bl

by'c'g™V, qybslc'g™V, —qbslcT'q7V, aq,

1099
\/b3 -1 -N, _\/bglc—lq—N, "b -1 -1 -
b_lb c_lq..x -lq- bz_lb_‘ql+i_N,
bblbll+xN bll+yN bc—]-:
b 1 —lql i qx—N qy—N ' bl

qz N b 1 —1 1- -x b;lc—lql—y’q’ a2b3
_ N (ala2b2b3q)n(q a,a2b2b3q)"(—q alazb2b3q)n
n=0 (‘I)n(\/alazbzbﬂ )"(—\/alazbzbﬂ )n(a2b3q)n

(a15,9) ,(a3b5c9),(¢7"), o
.(anllz;"q) (z|22b2b3q’v+2) (c'g") NI (x5 )W y; q).
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A number of identities can be deduced from this, but we shall be interested
mainly in those that correspond to the special cases discussed in the previous section.
First of all, in the limit ¢ —» 0, we get the following bilinear formula for the
g-Hahn polynomials: '
(a19202b3¢%) (81) (820367 ) v (82) y (B5) Ny (aq)™ "
(b2by) 5 (“lb|4)x(azbzbsbfl‘I)N—x(albz‘l)y(azbaq)N—y !
S (@) (bi'bs'q"”)i(q"‘)i(q"),»(_bg_)"
i=o0 (9)i (bll ' x) (q_N)i(bilql_y)i @by

(4 2) . aq, bilb-l l+i—N qx—N‘ qy—N.
. 493 byb3'b3lg N, bylgt N qi—N’q’q

& (alazbzbsq)n(q‘/alazbzbsq)”('\/alazbzbsq),,(anbzq)n(‘l_N)n (_q_")"
n=0 (q)n(‘/a,a2b2b3q)n(—‘/a,a2b2b3q)"(a2b3q),,(a,a2b2b3q"'+2),,

ayb,
", q"Vlaazbby, g7 ]

q
.q-n(n+l)/2 . }\ 3¢2 B 1 q,q
" abq, "

.3%[4_", q"*'ajarbyby, g7 » q].
aybyg, q
This may be viewed as a g-extension of the bilinear formula that we found in [8]
for Hahn polynomials. Setting a,q = 1 in (4.2) we get a much simpler formula:
(a3b,639) v (b2b3bfl)N—x(b3)N—y
(b2b3)n  (azbyb3b7'q) v (a2b3q) n-,

e B3¢V, N e
473 b bz'b:,' 1+x=N b;lql+y-—N’ aV 4.9

B 2 (a2b2b3),,(q azbzbs)n(‘q‘/azbzba )”(bl)n(bZ)n(an)n(q‘N)n
n=0 (@)a(/a2b2b5 ), (~/azbzbs ), (a2b2b3b7'9) ,(a2539) , (byb3) , (a2b5b3g"*?),

q"aybybs, q77
N 99
bl’ q N

_ n q ",
(4.3) -(—bllb3q'+N) -q n(n+1)/2 3¢2[
q7", q"azbyby, g7
"392 bz q_N;qvq .

We may now take the Jacobi limit: x, y, N > o0 with N—x=r, N—y =3,
s =0,1,2,.... Then (4.3) reduces to
(a2b2b3q)oo (b2b3b|-l)r(b3)s

(byb3),, (a2b2b3b[‘q),(a2b3q)s

-r -5

azq, q s q - ._
(4.4) -3¢2| b b_lb__lql_,’ bg‘qr’_s; q, b2'b3 |q2]

o (ayb,b5) ( !/azbzbs) (—q\/a2b2b3) (51),(b,),(a29),
n=0(q), (\/a2b2b3) ( \/azbzbs a2b2b3bl ‘I) (a,b49),(b,by),

(bflbs)"
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When b, = b,, equation (4.4) leads to Al-Salam and Ismail’s bilinear formula [1,
equation (3.11)]. The validity of (4.4) cannot, of course, be taken for granted since
we have an infinite series on the r.h.s. However, for 0 < b,, b,, b3, b,b;/b, <1 and
0 < a,q < 1 one can prove in much the same way as done in [1] that the kernel on
the Lh.s. is square-integrable, which ensures the validity of (4.4).

Let us now discuss the special cases of (4.1) when ¢ # 0 and either a,¢ = 1 or
a,q = 1. To fix ideas let us take a,q = 1, since the case a,g = 1 will give essentially
the same identities. Setting a,q = 1 in (4.1) we obtain

(a20,b39) n(a2b3cq) v (bsc)x(bzbSbfl)N—x(b3c)y(b3)N-y
(b2b3) n(bse) y (azbsc‘I)x(azbzbsbl_"I)N—x(azbsc‘l)y(azbsq)N—y

b3lc-l ’ q\/b le! q —-q b;]c-lq-N, anq, bflbzc-lq-x,
1099
_W, a3'b3'c g™, byb;'b3'g N,
(4 5) C-lq—y bz'lbslql—N, b;lc_lq, qx—N q_y—N . bl
: b3 1 l+y N bzc", q—N, b-l -1 1- x b-l -1 I—y 9, ayb,

d (“zbzba)n(qvazbzbs )"(—q azbyb; ),,(bl)n(bz)n(azq)n
=2
n=0 (‘l)u(\/azbzbs )n(—\/azbzbs )"(azbzbgb{'q)n(a2b3q),,(b2b3),,
(azb5cq), (‘l N)
(bzc l) (azb2b3q"'+')
assuming that we have set a,q = 1 in the expressions for W,V(x; q) and W,?(y; q).

This leads to a particularly interesting bilinear formula if we specialize the
parameters a, and b, by setting

(4.6) a,q=4q™, by=gq"b,,

where b, is an arbitrary parameter and m a nonnegative integer. Then, whether or
not x, y, N are nonnegative integers as had been originally assumed, we get the

identity
(b2b4)m(Cb4qx)m("b‘tqy)m(bzbflb‘tqlv—x),,.(b-th_y),,,
(82649"™) ,,(B4q™) ,(58) m(cbs) m(B257'4),,

by byq
( 12 ) wO(x; WP(y; 9),

bi'c gV ‘/b;lc—lq—N—m, _q\/b-lc- N, by'bylgt N,
“10%9
‘/b-l “lg=N-m \/b‘ “lgN-m by,
bilc g™, qa™, bi'bye'q7, g7,
q-N’ b— -l 1- N’ b|b£lb4-lql+x_m—N, bd—lql+y—N—m'
qx—N qy—N O
(4'7) b; le -I 1—x— m b- -1 I—y m’q’b|b4 9

o (5abaa™),(afbabeg™) (altabig™) (B0)a(52)a(84)a(a™)ala™™)
1=0 (q)a(Vorbua™ ) (Vbrbea™ ) (Bab7'54),(b6)n(52c™) (B2bag™) (B2bag™),

bybs "
: (cT,"NM) WO (x; )W (s 9).-
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By using the summation formula [11, p. 247]
(4.8) #ila, a7 b5 9,9) = (b/a),a™/ (b)m,

we can now invert this formula if we multiply both sides by
4™(q7") (g% 'b,8,),,/(9),n(b2b;),, and sum over m from 0 to k. Thus we obtain

(4.9)
(50 (52) i (b4¢) (7" (b2b4 N)k 1
224V | Wi(x; )WP(yi g
(625700 (50 (b~ (abeg™) \ bie &) e (5 W0 )
_ o (07)m(4%'0280)  (Bacq™) m (Bacq” ) m (B2 "4 %) , (b4 ),, .
=3 3 N ~ q" 099 ],
m=0 (qm)(b4)m(b2bl b4),,,(b2b4q )m(b4cq )m(b4c)m
where ;¢[ ] is the same as the one on the Lh.s. of (4.7). This formula simplifies even

further if we apply the transformation formula (1.5) on both W{V(x; q) and
W(y; 9):

-k k=1 -x -1 x—N

a7 q“'bb,, g%, bby'cq
W (x; q) = L q,
(x5 q) 44’3[ oV, b, bye 9,9

_ (82870, (Bc™),
- (bl)k(b4c)k

q—k, qk_]b2b4, qx—N, bl—lbzc—lq—x .
.4¢3 ’ qa q s

(blbz_lc)k

bbi'b,, q7V, byc™!

-k k—1 - -N
_ . 197% a7 bb,, g7, cq’
w(y; q) =4¢3[ o ! . e S0
) 29 4

_ Bl . a7 ¢ 'bb, ¢, g "
(b3),(byc), o by, g, by o
We now substitute these in (4.9), replace x, y by N — x and N — y, respectively,
and improve the notation somewhat by replacing ¢! by b,. The final form of the
formula is

(4.10)

o q7" q"'byby, g7, bi'bybyg* TV
o bbby, gV, byby ’

9

q7" 4" 'bby, g7, bV
4¢3[ by, a",  bb e
-1 N
— (b4b3 )n(b2b4q )"(b4b;qu)_n
(b205),(a7™),
2 (47)i(q" 'bab)  (Bab5'9Y %) (8:07'0497)
=0 (Q)k(b4)k(b2bl_lb4)k(b4b3_|)k(bAbs_‘qN)k

k
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. (b4b3_qu_y)k(b4qy)n P

(b2b4‘1N)k
bibi'a™™ 7k, qlbybi'qTVTE,  qbybi'qTN TR, by'bilg RN,
o bibi'g N R, bbig N E, by,
byb;'q' %, q7%, by'bybyg* ", byg”~",

q—N’ b3b4-lql_N, blbz-lb;lql-—x—k, b;lql—y—k’

-x -

q9°, q ’ . b b-l
bybylq TNtETK poprigt Nty 49,0104 4|,

where n is a nonnegative integer whose value is restricted by the requirement that
none of the denominator parameters on the Lh.s. attains the value 1, if any of them
do at all, before g~ does.

5. Product formulas for g-Racah and ¢g-Wilson polynomials. We would like to think
of equation (4.10) as a master formula that leads to different types of product
formulas for g-Racah polynomials defined in (1.2) as well as for g-Wilson polynomi-
als [10] defined by
(51)  plxia bc,d)=g|9 > 47 abed, ae, ae 4 )

© ab, ac, ad

where x = cos 0,0 <6 <.
For the g-Racah case let us specialize the parameters in the following way:

(5.2) by = gM+atB+2 p o= g (M+BHD  p — oM
b,bi'by=q ™M, q N =gqgPtrt],

where M and M’ are nonnegative integers. (4.10) then gives

q-n’ qn+q+ﬂ+l, q—x’ q.x—M’+y
43 g°t! PRLAPT Satd y4: 9
q—n’ qn+a+ﬁ+l, q-y’ qy—M+1
a3 g+ M, B 9.9

(53)  =(""").(a* ")/ (6* )P,
" é (@@ P ) (@@ (™)@ M)
K=o (De(a™) (@) (@)@ (@

. qy—k’ q qy—k , —q qy—k , qy—a—k’ q-B—k’ q—k, q1+x—M’,
9 1095 /qy—k R e gutl,  gBTYHL gvr1 gMmxdlk
g™, q7" 97 MM tatB+3
qM—y+l—k qy+x+l—-k q~,+y+|—k’ 9.9 .
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Unless M + M’ + a + B+ 2 =0 the ,yp, series on the right cannot be trans-
formed to another ,o¢, which does not mean, however, that the sum on the r.h.s.
cannot be transformed to any other form. All one needs to do is to use various
choices of the parameters b, b,, b;, b,, N so that the lhs. of (4.10) remains
essentially the same while the r.h.s. undergoes a transformation. For example, an
alternative to (5.2) is the choice

(54) bl — qa+7+l, b2 = qa—7+l’ b3 = qy’ b4 = qﬂ+y+l
which leads to
(5.5)

s q—n’ qn+a+ﬂ+l’ q-x’ qx—N—y .

43 g+, g, g 9.4

-n n+a+p+1 -y y—N+y
‘44’3[" $ e art q-N’ pey+1> 94
q s q9 5 q

_ (qﬁ+l)n(qN+a+B+2)nq-(N+p+l)n

(qa+l)"(q-N)"
. é (q-n)k(qn+a+B+l)k(qN+ﬁ+I—x)k(qN+B+l—y)k (qB—1+l+x)k(qﬂ+y+l+y)k Py
k=0 (@i )e(g" B2 (¢V ), (@)@ T

, (q-N—B—I—k’ q‘/q—N—ﬁ—l—k, _q‘/q—N—ﬂ—l—k’ g N-emB-1=k Bk
1099

/q—N—ﬁ—l—k’ —_ [ —N—ﬂ—l—k’ qa+l, q-N,

—k —N— - -
q qx ¥ 7’ qy N+y» ) q i . a—B+1
q—B—N’ qy—ﬁ—x—k’ qjy—ﬁ—y—k’ qx—N—ﬁ—k’ qy—N—ﬁ—k 49 :

One can derive a number of things from (5.3) and (5.5). First of all we will show
how (5.3) leads to a Watson-type product formula for the ,¢, polynomials. Using
(2.5) one can easily show that

(@7 D =ld )=t ™) (@) ks
(q)k—l(qa_y+l)k—l(q-y)k—l(qB-H)k—l
_ (@ (@)@ ™) (”~™),
6) (@e(@* ™ )ilg)e(g?)s
(g7 )" ) (a*7")(q7%), (M+M +a+B+3)l
(qy+x+l—k)l(qy+l+y—k)l(qM'+l—x—k)l(qM+l—y—k)’ :
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Using this in (5.3) and replacing the summation variables &,/ by r + s and r,
respectively, we get

¢3[q-n’ qn+a+B+I’ 9% qx—M’+-y. . q]
4 « Y s 9>
PLaal g™, ghrrH!

’44’3\‘1

657 = (@)@ ) (6P ),
o n n—r (q—n)r+s(qn+a+ﬁ+l)’_H(q-x)r(q—y)r(qy+x—M')r(qy+y—M)r
R PN T X C R IR Ca I P N P W P2z

.( x— M) (qy M) (q—‘l x) (q"‘Y )') l_qy s+rqr )
(¢%*"). (g7 (g, =g

-n
’

qn+a+ﬁ+l, q-y’ qy M+y ]

qa+l, q-M, qﬂ+y+1 4,9

This is an interesting formula which is likely to have important applications to
convolution structures of all orthogonal ,¢, polynomials. We hope to report on these
applications in a forthcoming paper.

It is obvious that a similar formula can be obtained from (5.5), but its main
advantage is revealed when we take the limit y — oo and obtain the formula for the
g-Hahn polynomials:

-n n+a+pB+1 n+a+ﬂ+| -y
34’2[‘] q qa+l ’ )qy x N- B]3¢ [ ’ q_N;q)q
— (qﬂ+l)"(qN+a+B+2)n/ (qa-H)”(q—N)"

(5,8) v i (a)e(g" = B 1) (gV B 1) (qV B ), e
Pt ()i (P (gV+2+B+2) (gV A1),

. I:q—N—B—I-k, q‘/q—N—ﬂ—l—k S _q‘/q—N—B—l—k , q-N—a—ﬁ—l—k, q-ﬂ—k’
'8P7

‘/q-N—p—l—k’ _‘/q-N—B—l-—k’ 7, 7,
-k -y
9 a* q . et l—N+x+y+k
g VB, grN-Bk qy—N—B—k’q’q :
However, use of (2.19) now gives
(1= (VB %) (g Bk, [ gk, grerBl g g ]
st | = - 493 _ 34,9
(57 F%) (¢~ *), 7, P e

(qN+p+|) (qn+p+| x—y) 4%[ gk, gkrerBrl g q’ ]

(qN+ﬁ+1 x) (qN+ﬁ+l—y) qa+ly q‘N, qN+ﬁ+l—x—y;q’q
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by (1.11). So equation (5.8) reduces to

q—n’ qn+a+ﬁ+l, -x . -rlY n+a+ﬂ+l, -y
%2 Praah q-N;q’qx g 5 7 7 gt q-N;q’q
=(¢#)a(d" ),/ (44 )u(a™),
(5'9) g N+B+ DR i (q-n)k(qnﬂ‘ﬂﬂl)k(qN-wH_X—y)kq(x+|)k
k=0 (a)(P*)(g¥+erE*?),
-k k+a+p+1 -x -y
9 4 s 497, q R
'44’3[ praal aV, qN+B+I—x—y 9> q] :

If we let ¢ » 1 this becomes the Bateman-type product formula for the Hahn
polynomials that was obtained in [8]. Unfortunately (5.9) cannot be strictly regarded
as its proper g-analogue because of the argument ¢*~V~# in the first ,¢, on the Lh.s.
However, using (1.5) we may easily derive the following transformation formula:

-n ntat+pB+1 -x
97", q . q -
¢2[ N ﬁ]

(5.10) D4
qa+l’ q N

n+a+B+1 x—N
’

B+1 —n
_( ) (q )n —n(n+l)/2 ﬂ"¢ [q » 4 N > 4q,4]-
q |

( a+l)

Substituting (5.10) in (5.9) and then replacing x by N — x we obtain
-n n+a+p+1 n+a+B+l -y ]

q , 4 s s 4947
3¢2[ qB‘H _N,‘I, ] ¢2[ a+1 q_N’q’q
_ (qN+az+ﬁ+2)'l (_l)nq,,(,,_l)/z_N,,
(¢7).,
) é (a7)e(g" ) (%1 72), (N—x+ 1k
k=0 (q)k(qﬂ+l)k(qN+“+B+2)k

pridy

(5.11)

k+a+B+1 x—N

" q s 4, 7
44’3[ qa+|’ q—N, qB+I+x—y ' 45 q] ’

The two ¢g-Hahn polynomials on the Lh.s. have the same parameters only when
a = f, which seems to imply that a product formula of Bateman type does not exist
for this particular g-analogue of the Hahn polynomials except in this special case.
However, a Watson-type product formula for these polynomials always exists, as can
be seen by taking the limit y — oo in (5.7):

q—n, qn+a+ﬁ+], n+a+ﬁ+l’ q-y
1%z 4o+ _M,q, 3¢2 g q_M;q,q
antbn(nt1)/2 (q +l)n n n—r (q—n)’+s(qn+a+ﬂ+l)r+s(q—x)r(q-)')r

(qa+l)" r=0s=0 (qr)(q)s(q-M)r+s(q_M’)r+s(qa+I)r

. (qx_M')s(qy_M)s r—(a+x+y)s
@, ! |

(5.12) =(-1)q
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This is a straight generalization of Gasper’s product formula for Hahn polynomials

[6].
Let us now set M = M’ in (5.7) (although this specialization is not necessary) and
introduce parameters a, b, ¢, d and real angles 6, ¢ through the correspondence:

(5.13) g *=ae’®, ¢’ =ae, qM=ad,
q**'=ab, ¢f*'=cd, q"=a/d.
Since (5.7) remains valid no matter what values we choose for the parameters as long

as n is a nonnegative integer, substitution of (5.13) in (5.7) now leads to an
interesting formula for g-Wilson polynomials defined in (5.1):

; ; — (Cd)n(bd)n a\”
p(x;a,b,¢,d)p,(y;a,b,c,d) _m(g)
(514) . é "if (q—n)’“(qn_Iade)r+s(ae-i0)r(aeio),(ae“"),(ae-i¢)r

r=0s=0 (q)r(q)s(ad)r+s(ad)r+s(ab)r(aq/d)r(ac)r
(de®),(de™),(de*),(de*), 1—aq"*/d .,
(cd),(bd),(d/a), I—ag~/d?

Note that the reality of the r.h.s. is self-evident as is its symmetry in 6, ¢ and b, c.
The continuous g-Jacobi polynomials, as defined in [10], are a special case of
g-Wilson polynomials with a = /g = —d, b= q**'/2, ¢ = —¢P*1/2, We show the
corresponding formula explicitly:

q—n, qn+a+ﬂ+l, ﬁeiﬂ’ \/‘;e—io ‘
493 54,9

qa+l, _qﬁ+l, —-q
- lq-n, grretEtl, ‘/‘;ew’ ‘/q_e—w' . ql
473 s 4>
qa+l, __qﬁ+l’ _q

(5.15) =(g*""),(-¢**"),/ (¢**"),.(-¢**"),
n n—r (g-n nta+p+1 it et
Cr3’s (@7),++(q )res(Vae®) (Vge )

r=0s=0 (q)r(q)s(_q)r+s(_q)r+s(qa+I)r
Vae®)Vae) (Hae?) (ae?),(fae®) (lae), 14 g

(-¢**"),(-9).(¢#*") (-g**"),(-1), 1+4°

In the ultraspherical case « = B one can derive a Bateman-type formula by setting
a = B in (5.5), transforming the ,,¢, by a formula of type (3.14) so that the top
left-hand parameter becomes free of k. But the resulting formula seems to be less
interesting than, and strictly speaking, only a special case of equation (5.15) and so
does not seem worth separate display.
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